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SUMMARY
Distortion analysis of nonlinear circuits is very important
for designing analog integrated circuits and communication systems. In
this letter, we propose an eﬃcient frequency-domain approach for calculating frequency response curves, which is based on HB (harmonic balance) method combining with ABMs (Analog Behavior Models) of Spice.
Firstly, nonlinear devices such as bipolar transistors and MOSFETs are
transformed into the HB device modules executing the Fourier transformations. Using these modules, the determining equation of the HB method is
formed by the equivalent sine-cosine circuit in the schematic form or netlist. It consists of the coupled resistive circuits, so that it can be eﬃciently
solved by the DC analysis of Spice. In our algorithm, we need not to derive
any troublesome circuit equations, and any kinds of the transformations.
key words: frequency-domain analysis, Volterra series method, spiceoriented harmonic balance method, HB device modules

1.

Introduction

Frequency-domain analysis of nonlinear electronic circuits
is very important for designing integrated circuits and communication systems. The Volterra series methods are widely
used for the analysis [1]–[3], especially in Europe, because
the methods give the solutions in analytical forms. Although
their algorithms are theoretically elegant, it is not so easy to
derive the higher order Volterra kernels for the large scale
systems containing many nonlinear elements. They can be
only applied to the weakly nonlinear circuits, and the solutions may be erroneous for strong nonlinear circuits, because the methods are based on the bilinear theorem. Furthermore, the nonlinear characteristics should be approximated by the polynomial functions, where Taylor expansions are used to the approximations at the vicinities of DC
operating points [3]. However, these tasks are not easy for
the complicated devices such as Gummel-Poon model of
bipolar transistors, higher frequency models of MOSFETs
and the piecewise linear models [4], [5].
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On the other hand, many algorithms in the time-domain
have been proposed for calculating accurate steady-state
waveforms [6], [7]. Unfortunately, they are rather timeconsuming for the cases of calculating frequency response
curves.
HB (harmonic balance) method is well-known, which
gives good results even for choosing a few essential harmonic components [8], [9]. Thus, the HB method, in contrast to Volterra method, can be stably applied to strong nonlinear systems. Two types of HB simulators are proposed
for the steady-state analysis of electronic circuits. First one
is a nodal type in the meaning that HB method is applied
to all the nodal equations [6], [10]–[12]. The second one is
based on circuit partitioning techniques [7], [13]–[15]. They
are using DFT or FFT at the nodal equations and the partitioning ports. The HB determining equations are solved by
numerical method such as Newton-Raphson and/or relaxation methods. Therefore, the solutions are only found in
the numerical forms.
We propose here Spice-oriented HB method for obtaining the frequency response curves of nonlinear circuits.
Firstly, we have developed Fourier transformation circuit
executing the Fourier expansions to nonlinear devices. Using the circuit, all kinds of the nonlinear devices such as
bipolar transistors and MOSFETs are transformed into the
corresponding HB modules. Combining with them, a given
circuit is transformed into the equivalent HB circuit in the
schematic form or net-list [16], [17], which corresponds to
the determining equation of HB method and can be solved
by DC analysis of Spice simulator or solution curve tracing method [18], [19]. Thus, our HB method can continuously calculate the characteristic curves like as Volterra series method.
2.

Fourier Transformation Circuit Model

Analog integrated circuits consist of many kinds of nonlinear devices such as diodes, bipolar transistors and MOSFETs, whose Spice models are usually described by the
several special functions such as exponential, square-root,
piecewise continuous functions and so on [4], [5]. For these
device models, the Fourier coeﬃcients of the output waveforms cannot be described by the analytical forms. Therefore, we will introduce Spice-oriented Fourier expansion
techniques to these device models. Once we have obtained
the HB modules, we can easily carry out the frequency-
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then the Fourier transformation circuit model for calculating
the Nth harmonic component is shown in Fig. 1, where
⎫

⎪
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K
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(6)
Fig. 1

Fourier transformation circuit model.

domain analysis.
To understand our Fourier transformation circuit
shown in Fig. 1, we consider one-dimensional Fourier expansion of a nonlinear function given by
i = ĝ(v).

Each block in Fig. 1 is realized by the ABMs of Spice [20],
and the outputs of this circuit provide the terms I2N−1 and I2N
in (6), where the interval [0, 2π] of the integration is divided
by 2K equal divisions. The value of θk = 2πk/2K is given
by the node voltage at the kth resistor in the resistive circuit.
To investigate the accuracy of our Fourier transformation circuit, we calculate the following Fourier expansion:

(1)

Suppose the input and output waveforms as follows:
⎫
M

⎪
⎪
⎪
v(t) = V0 +
(V2k−1 cos kωt + V2k sin kωt) ⎪
⎪
⎪
⎪
⎪
⎬
k=1
,
⎪
M
⎪

⎪
⎪
⎪
⎪
i(t) = I0 +
{I2k−1 cos kωt + I2k sin kωt) ⎪
⎪
⎭

(2)

k=1

where M denotes the highest harmonic component to be
taken into account in our analysis. The coeﬃcients can be
calculated by the following formulae:
⎫
 2π
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⎪
⎪
1
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ĝ(v) sin kωt d(ωt) ⎪
⎪
⎪
⎪
π 0
⎪
⎪
⎪
⎪
⎪
⎭
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e x cos θ = I0 (x) + I1 (x) cos θ + I2 (x) cos 2θ + · · · ,

(7)

whose Fourier coeﬃcients IN (x), N = 0, 1, 2 . . . are given by
the modified Bessel functions as follows:
 π
1
IN (x) =
e x cos θ cos Nθ dθ, N = 0, 1, 2, . . . . (8)
2π −π
According to the simulation result for the case of N = 1,
x = 10 and h = 2π/20, I1 (10) = 2761, which is exactly
equal to the table of Bessel function [21]. Thus, Fourier
transformation circuit model can get the suﬃciently accurate solution with 2K = 20 divisions of the interval [0, 2π].
3.

HB Modules of Nonlinear Devices

We will derive HB modules of the nonlinear devices such as
bipolar transistors and MOSFETs using Fourier transformation circuit shown in Fig. 1.
3.1 HB Module of Bipolar Transistor

The coeﬃcients cannot be given in the analytical forms for
the special functions ĝ(v). Therefore, we apply the trapezoidal formula to the integration (3) as follows:
 b
h
ĝ(v) d(ωt) = (ĝ0 + ĝ2K ) + h(ĝ1 + ĝ2 + · · · + ĝ2K−1 ),
2
a
ĝi = ĝ(v(ti )), for ωti = 0, π/K, · · · , (2K − 1)π/K, 2π
(4)

Let us obtain HB module to Gummel-Poon model of bipolar
transistor. We assume the input waveforms of collector, base
and emitter (resp. vC (t), vB (t) and vE (t)) as follows:

where the step size of the integration is h = (b − a)/2K(=
π/K) for 2K divisions. Then, the truncation error is given
by ĝ(2) h3 K/6, where (2) denotes the second derivative. We
assume the input as follows:

We transform them into the voltage diﬀerences of the basecollector and base-emitter

v(θ) = V0 +

M

k=1

(V2k−1 cos kθ + V2k sin kθ), θ = ωt (5)

vi (t) = Vi,0 +

M


(Vi,2k−1 cos kωt + Vi,2k sin kωt),

(9.1)

k=1

i = C, B, E

vBC (t) = vB (t) − vC (t), vBE (t) = vB (t) − vE (t).

(9.2)

Firstly, using the Fourier transformation circuit of
Fig. 1, the Fourier coeﬃcients of nonlinear resistive currents {iB (t), iC (t)} and charges of parasitic capacitors
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Fig. 2

HB module of bipolar transistor.
Fig. 4

Diode circuit. (R = 1 [kΩ], C = 1 [µF], E = 1 [V])

(a) DC circuit
Fig. 3

HB module of MOSFET.

{qBC (t), qBE (t)} are calculated. Combining these currents
and charges, the output currents are estimated from the following relations:
dqBE (t) dqBC (t) ⎫
⎪
⎪
⎪
+
iB (t) = iB (t) +
⎪
⎬
dt
dt ⎪
,
(9.3)
⎪
⎪
⎪
(t)
dq
⎪
BC
⎪
⎭
iC (t) = iC (t) −
dt

(b) cos ωt circuit

They are also described by the Fourier expansions

(c) sin ωt circuit

(d) cos 2ωt circuit

(e) sin 2ωt circuit

(f) cos 3ωt circuit

(g) sin 3ωt circuit

M


ii (t) = Ii,0 +

(Ii,2k−1 cos kωt+Ii,2k sin kωt), i =C, B,

k=1

(9.4)
where the coeﬃcients are given as follows:

IB,0 = IB,0
,

IB,2k = IB,2k


IB,2k−1

IB,2k−1 =
+ kω(QBE,2k + QBC,2k ),
− kω(QBE,2k−1 + QBC,2k−1 )
(9.5)



, IC,2k−1 = IC,2k−1
− kωQBC,2k ,
IC,0 = IC,0

IC,2k = IC,2k + kωQBC,2k−1

Fig. 5

4.

Equivalent HB circuit of Fig. 4.

Illustrative Examples

(9.6)

k = 1, 2, . . . , M
Thus, we have the HB module for bipolar transistor as
shown in Fig. 2. The blocks {“cos kωt, sin kωt”, k =
1. . . . , M} correspond to the Fourier coeﬃcients (9.5) and
(9.6), which are constructed by ABMs of Spice and the
Fourier transformation circuit of Fig. 1. Note that they are
coupled resistively and do not contain any dynamical element.
3.2 HB Module of MOSFET
There are many types of MOS models depending on the levels of accuracy [4], [5]. Their HB modules are also built by
the same ways as the bipolar transistor. The three terminal
HB module is shown in Fig. 3.

4.1 Example of HB Method and Comparison with Volterra
Series
To understand our HB method, consider a simple diode circuit as shown in Fig. 4. We assume the input voltage and the
diode current as follows:
e(t) = Em cos ωt,

id (t) = 10−8 exp(40vd )

(10)

Then we set the capacitor and diode voltages as:
⎫
⎪
⎪
⎪
(VC,2k−1 cos kωt + VC,2k sin kωt) ⎪
vC (t) = VC,0 +
⎪
⎪
⎪
⎪
⎬
k=1
,
⎪
3
⎪

⎪
⎪
⎪
⎪
(Vd,2k−1 cos kωt + Vd,2k sin kωt) ⎪
vd (t) = Vd,0 +
⎪
⎭
3


k=1

(11)
and the Fourier expansion of diode as:
id (t) = Id,0 +

3

(Id,2k−1 cos kωt + Id,2k sin kωt).
k=1

(12)
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(a)
(a)

(b)
Fig. 6

(a) 2nd and (b) 3rd order harmonic distortion. (Em = 1.0 [V])

Table 1
Em
0.1
0.5
0.7
1.0
2.0

Comparison of accuracy. (ω = 20 × 103 )

Volterra series
HD2
HD3
0.01608 0.00031
0.08044 0.00773
0.11262 0.01515
0.16088 0.03092
0.32176 0.12367

Harmonic balance
HD2
HD3
0.01602 0.00031
0.07526 0.00679
0.09898 0.01179
0.12436 0.01886
0.14042 0.03438

Transient analysis
HD2
HD3
0.01276 0.00184
0.07113 0.00491
0.09803 0.01002
0.12978 0.01873
0.16978 0.03546

We have the equivalent HB circuit as shown in Fig. 5. The
nonlinear controlled currents { Id,k , k = 0, 1, . . . , 6 } are the
functions of { Vd,k , k = 0, 1, . . . , 6 }, which are obtained by
the Fourier transformation circuit of Fig. 1. Note that the
equivalent HB circuit of Fig. 5 corresponds to the determining equation of the HB method, and can be solved by
DC analysis of Spice. We also solved the circuit of Fig. 4
by Volterra series method, and compared both results. The
2nd and 3rd order harmonic distortion curves are shown in
Fig. 6.
We also compared them with the results obtained by
transient analysis and FFT† . Table 1 shows the results for
diﬀerent input voltages. Note that there are slight diﬀerences between HB and Volterra methods for small input,
but the results are completely diﬀerent for large input. Although we neglected harmonics larger than 3rd order in our
HB method, HB method is more accurate than the Volterra
series method.

(b)
Fig. 7 (a) RF power amplifier, (b) Frequency response curve. L1 = L2 =
0.1 [mH], Lg = 10 [nH], C1 = C2 = C3 = C4 = 1 [nF], VCC = 3 [V],
Vbb = 3 [V], Rb1 = Rb2 = 1 [Ω], Rb = 1 [Ω], ICC = 1 [mA], RL = 36 [Ω],
vin = 0.1 cos ωt.

4.2 RF Power Amplifier
We consider a high frequency RF power amplifier shown in
Fig. 7(a), which is used in a mobile-phone [23], where Lg ’s
are parasitic inductances. Firstly, the transistors are modeled
by the Gummel-Poon model, whose typical parameters are
given in [5]. We considered up to 3rd harmonic components
and implemented the equivalent HB circuit with transistor
modules of Fig. 3.
We have obtained the frequency response curves for
ω = 108 –1011 [rad/sec], as shown in Fig. 7(b), where only
fundamental frequency component is shown, because the
waveform is nearly sinusoidal. The waveform is suﬃciently
accurate in comparison to the result of the transient analysis by Spice. It takes 41 [sec] to get the frequency response
curve with PSpice†† .

†
The results may have truncation errors in transient analysis,
but they can be assumed to be accurate.
††
The simulation is carried out by a PC with the following spec;
CPU: PentiumM 733 (1.10 GHz), Main memory: 256 MB, OS:
Windows XP Professional SP2.
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5.

Conclusions and Remarks

In this letter, we have proposed Spice-oriented HB (harmonic balance) method for calculating frequency response
curves. At first, the nonlinear devices such as bipolar transistors and MOSFETs are transformed into the HB modules.
Using these device modules, we transformed the nonlinear
circuit into the equivalent HB circuit which corresponds to
the determining equations of the HB method. It consists of
(2M + 1)-coupled sub-circuits when we consider M higher
harmonic components, and it can be easily solved with the
DC analysis of Spice.
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