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A Reduction Technique for RLCG Interconnects Using Least
Squares Method

Junji KAWATA†a), Yuichi TANJI††, Yoshifumi NISHIO†††, Members, and Akio USHIDA†, Fellow

SUMMARY In this paper, we propose a new algorithm for calculating
the exact poles of the admittance matrix of RLCG interconnects. After
choosing dominant poles and corresponding residues, each element of the
exact admittance matrix is approximated by partial fraction. A procedure
to obtain the residues that guarantee the passivity is also provided, based on
experimental studies. In the procedure the residues are calculated by using
the least squares method so that the partial fraction matches each element
of the exact admittance matrix in the frequency-domain. From the partial
fraction representation, the asymptotic equivalent circuit models which can
be easily simulated with SPICE are synthesized. It is shown that an efficient
model-order reduction is possible for short-length interconnects.
key words: RLCG interconnects, Leverrier-Faddeeva algorithm, least
squares method, passivity, asymptotic equivalent circuits, reduction

1. Introduction

The analysis and design of high speed LSI chips are be-
coming more and more important, because the sub-circuits
coupled with interconnects embedded in the substrate some-
times cause the fault switching operations due to the signal
delays, crosstalks, reflections and so on [1]–[5]. The Elmore
resistance-capacitance (RC) delay metric is popular due to
its simple closed-form expression, computation speed and
fidelity with respect to the simulation [4]. The closed-form
combining with the delay and crosstalk is firstly presented
in the reference [5]. The modified algorithms are proposed
later for the improvement of the accuracy and the practical
applications in the simulations [6]–[9].

AWE (asymptotic waveform evaluation method) [10] is
widely used as a reduction technique of the large scale of lin-
ear networks, the algorithm is based on a moment-matching
technique and Padé approximation. However, the method
sometimes become erroneous, if there exist the poles far
from the origin. To overcome the problem, CFH (complex
frequency hopping) [11] and multi-point Padé approxima-
tion [12] methods are proposed. In these reduction algo-
rithms, the reduced circuits sometimes become unstable in
the time domain even if all the poles are located in the left
hand side of the complex plane. The ill-condition can be
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overcome by PVL (Padé via Lanczos process) [13], and
PRIMA (passive reduced-order interconnect macromodel-
ing algorithm) [2], [14]. In order to apply these algorithms
to the interconnects, we need two steps such that each in-
terconnect is firstly modeled by a finite order system, and
Arnoldi-based congruence transformation is applied to the
system to form its reduced order model.

In this paper, we consider LSIs such as ASIC or SoC
(System on a Chip) are coupled with interconnects embed-
ded in the substrate. In this case, the diffusion resistance
components of the interconnects are generally assumed to
be very large compared to those of PCBs [3] and the lengths
are very short. From the telegrapher’s equation of the in-
terconnects, the admittance matrix can be derived from the
relations at the near and far ends [1]. We propose here a
new computational algorithm for calculating the exact poles
in the complex plane. Next, each of the elements of the
admittance matrix is approximated by partial fraction using
dominant poles around the origin, where the corresponding
residues are evaluated by the least squares method. A com-
putational procedure to obtain the residues that guarantee
the passivity is also provided. Thus, the admittance matrix
are reduced as the partial fractions and are subsequently syn-
thesized as asymptotic equivalent circuits.

We present the numerical methods for calculating the
exact poles and corresponding residues in Sect. 2. Section
2.3 shows the asymptotic equivalent circuits of the inter-
connects. Illustrative examples are given in Sect. 3. First,
distribution of poles for some cases is investigated. Then,
using the residues estimated by the least squares method,
we calculate the frequency response curves and compared
them with the exact ones. Here, it will be investigated that
how the passivity of partial fractions obtained from pole-
residue pairs breaks and why inaccurate residues are ob-
tained. Based on the considerations, we provide a procedure
to guarantee the passivity of the asymptotic circuits. Fur-
thermore, SPICE simulations using the asymptotic equiva-
lent circuit and the built-in lossy transmission line model
of SPICE are carried out and the transient waveforms are
compared. It is found that the transient responses obtained
by the macromodels are in good agreement with those of
SPICE model as the number of poles increases, and that the
order of partial fractions can be efficiently reduced for short-
length interconnects.
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2. Calculation of Exact Poles of Interconnects

2.1 Admittance Matrix of Interconnects and Its Poles

Now, consider a uniform N coupled RLCG interconnects
described by the following telegrapher’s equations:

dV(x, s)
dx

= −(R + sL)I(x, s)

dI(x, s)
dx

= −(G + sC)V(x, s)


(1)

where, V(x, s) ∈ RN and I(x, s) ∈ RN are the voltage and
current vectors at x, and R ∈ RN×N , L ∈ RN×N ,C ∈ RN×N

and G ∈ RN×N are the resistance, inductance, capaci-
tance and conductance matrices per unit length, respectively.
These are non-negative definite symmetric matrices. From
(1), we have

dV2(x, s)
dx

= (R + sL)(G + sC)V(x, s)

dI2(x, s)
dx

= (G + sC)(R + sL)I(x, s)


(2)

Let us introduce the transform matrices Pv(s) and Pc(s) in
order to transform (2) into diagonal forms. Thus, we have

diag[γi(s)2] = Pv(s)−1(R + sL)(G + sC)Pv(s)
diag[γi(s)2] = Pc(s)−1(G + sC)(R + sL)Pc(s)

}
(3)

When a complex frequency s is given, the eigenvalues γi(s)2

and the corresponding eigenvectors can be uniquely ob-
tained. Because Pv(s) and Pc(s) have the eigenvectors as the
columns, these matrices can be also uniquely determined for
the complex frequency s. Pc(s) satisfies the following rela-
tions:

Pc(s) = (R + sL)−1Pv(s)Γ(s) (4)

PT
c (s) = Pv(s)−1 (5)

for Γ(s) = diag[γi(s)]. Then, the input and output relations
at the near and far ends are described by the admittance ma-
trix as follows [1]:[

I(0, s)
I(d, s)

]
=

[
Y11(s) Y12(s)
Y21(s) Y22(s)

] [
V(0, s)
V(d, s)

]
(6)

where d is the length of the interconnects, and {V(0, s),
V(d, s)} and {I(0, s), I(d, s)} denote the terminal voltage and
current vectors of the interconnects, respectively. The sub-
matrices Yi j(s) ∈ RN×N of the admittance matrix are given
by:

Y11(s) = Y22(s)
= Pc(s)diag[coth γi(s)d]Pv(s)−1

Y12(s) = Y21(s)

= −Pc(s)diag

[
1

sinh γi(s)d

]
Pv(s)−1


(7)

Observe that all the poles of admittance matrix can be found

at the locations satisfying sinh γi(s) = 0, i = 1, 2, . . . ,N.
Thus, we have the following theorem for calculation of the
exact poles.

Theorem 1: The locations of poles satisfying the relations
(7) are found by solving the following equation:∣∣∣∣∣∣(R + sL)(G + sC) +

(nπ
d

)2
I

∣∣∣∣∣∣ = 0, n = 1, 2, . . . (8)

Proof: In the case of n � 0, we have from (7) that the poles
satisfy the following relations:

|Pv(s)diag[sinh γi(s)d]Pc(s)−1| = 0 (9)

|Pv(s)diag[tanh γi(s)d]Pc(s)−1| = 0 (10)

Since the transform matrices Pv(s) and Pc(s) are nonsingular
for the nonzero eigenvalues, the poles satisfying the above
two relations are given by

γi(s)d = jnπ, i = 1, 2, . . . ,N, n = 1, 2, . . .

Therefore, the characteristic equation from the telegrapher’s
equation (1) has to satisfy the relation (8). Q.E.D.

Corollary 1.1: The poles at n = 0 satisfy the following
relation:

|R + sL| = 0 (11)

Proof: We have γi = 0 at n = 0. Thus, using the relation
of (4), we have the following relation:

lim
γi→0

Pc(s)diag

[
1

sinh γi(s)d

]
Pv(s)−1

= (R + sL)−1Pv(s)diag[γi(s)]
1

diag[γi(s)d]
Pv(s)−1

=
1
d

(R + sL)−1 (12)

Q.E.D.

2.2 Numerical Methods for Calculating Exact Poles

Generally, it is not easy to calculate the poles using the re-
lation (8). Hence, we apply Leverrier-Faddeeva algorithm
[16] in order to obtain the characteristic equation |sI−A| = 0
for the relation (8). Setting (8) into

A(s)=−(RC+LG)−1

[
RG+

(nπ
d

)2
I+s2LC

]
(13)

we have

|sI−A(s)|=α0(s)+sα1(s)+· · ·+sN−1αN−1(s)+sN (14)

where αk(s) is found by the following recurrence formulae:

BN−1 = I,
⇒ αN−1(s) = −tr(A(s))

BN−2(s) = A(s)BN−1 + αN−1(s)I,

⇒ αN−2(s) = −1
2

tr(BN−2(s)A(s))

............................................
B0(s) = A(s)B1(s) + α1(s)I,

⇒ α0(s) = − 1
N

tr(B0(s)A(s))



(15)
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Note that the maximum degree of (14) eventually becomes
2N, because αk(s) is polynomial with s. This algebraic
equation can be numerically solved by the use of Bairstow
method and so on. In this way, we can calculate the exact
poles of the admittance matrix (7).

We choose dominant poles located around the origin of
complex plane, because the poles have large influence on
the transient responses. Thus, an arbitrary (i, j) element of
the submatrices Y11(s), Y12(s), Y21(s), and Y22(s) of (7) is
approximated by the partial fractions that is composed of
the dominant poles and the corresponding residues, in the
following forms†:

Ŷ11(s) = Ŷ22(s) =
N∑

i=1

k01,i

s − p0,i
+

N∑
i=1

M∑
n=1

b11,i,ns + b10,i,n

s2 + a1,i,ns + a0,i,n
(16)

Ŷ12(s) = Ŷ21(s) =
N∑

i=1

k02,i

s − p0,i
+

N∑
i=1

M∑
n=1

b21,i,ns + b20,i,n

s2 + a1,i,ns + a0,i,n
(17)

where N is the number of conductors and M shows the num-
ber of complex conjugate pairs for each γi(s).

It has been shown in [18] that the absolute values of
residues are the same, but their signs change alternately with
n; i.e.,

k02,i = −k01,i

b21,i,n = (−1)n+1b11,i,n

b20,i,n = (−1)n+1b10,i,n

 (18)

Therefore, there is no need to evaluate the residues for (17).
Equations (16) and (17) are divided into two parts depend-
ing on whether n is odd or even, where the first term in the
equations corresponds to the case of n = 0 and is included in
the even part. Since all elements of the approximated sub-
matrices Ŷ11, Ŷ12, Ŷ21, and Ŷ22 are separated into the odd
and even parts, we can express the submatrices with the two
new submatrices Ya and Yb as follows.[

Ŷ11(s) Ŷ12(s)
Ŷ21(s) Ŷ22(s)

]
=

[
Ya(s)+Yb(s) Ya(s)−Yb(s)
Ya(s)−Yb(s) Ya(s)+Yb(s)

]

(19)

where Ya and Yb are corresponding to the odd and even
parts, respectively. The asymptotic equivalent circuit mod-
els to be synthesized must satisfy the relations (16)–(19).

2.3 Asymptotic Equivalent Circuit of Interconnects

In this subsection, we derive the asymptotic equivalent cir-
cuit models that satisfy the relations (16)–(19). Each term
of partial fractions (16) and (17) is synthesized by the cir-
cuit models shown in Figs. 1(a) and (b), where the circuit
parameters are given by

Li,0 =
1

k0,i
, Ri,0 =

p0,i

k0,i
(20)

Fig. 1 Equivalent circuit models of each term in the partial fractions (16)
and (17).

Fig. 2 Equivalent circuit models of the matrix (19) for single-conductor
interconnect. (a) Ya and (b) Yb.

Li,n =
1

b1,i,n
, Ri,n =

a1,i,nb1,i,n − b0,i,n

b2
1,i,n

Ci,n =
b3

1,i,n

a0,i,nb2
1,i,n + (b0,i,n − a1,i,nb1,i,n)b0,i,n

Gi,n =
b2

1,i,nb0,i,n

a0,i,nb2
1,i,n + (b0,i,n − a1,i,nb1,i,n)b0,i,n



(21)

Each element of the admittance matrix (19) is modeled by
parallel connection of the sub-circuits shown in Fig. 1. For
example, in the case of single-conductor interconnect, we
have the circuits shown in Fig. 2 for Ya(s) and Yb(s), where
the subscript i is omitted for simplicity. In the case of single-
conductor interconnect, we can construct two equivalent
circuit models in the different forms shown in Figs. 3 and
4(a), where Ir(0, s) and Ir(d, s) in Fig. 4(a) are the voltage-
controlled current sources given by Figs. 4(b) and 4(c). Ob-
serve that the circuit of Fig. 3 does not contain any con-
trolled source, so that the circuit is passive if all of the
circuit parameters have positive values. Also, it should be
noted that the circuit shown in Fig. 4(a) is passive if the
circuit shown in Fig. 3 is passive. The macromodels can

†To avoid confusion about suffix notation, the suffix (i, j) is
omitted in (16)–(17).
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Fig. 3 Equivalent circuit model for single-conductor interconnect using
a bridge circuit.

Fig. 4 Equivalent circuit models for single-conductor interconnect. The
subsystems Ya and Yb are shown in Fig. 2.

Fig. 5 Equivalent circuit model to two-conductors interconnect.

be easily implemented on any kind of SPICE-like simula-
tors, since the asymptotic circuits are composed of typical
circuit elements only. The model of two conductors inter-
connect is realized by the use of 4 current transformers as
shown in Fig. 5. The asymptotic equivalent circuit for multi-
conductor interconnect is shown in Fig. 6, which is easily
modeled with SPICE.

Fig. 6 Equivalent circuit model to multi-conductor interconnect.

2.4 Numerical Procedure for Calculating Residues

The residues satisfying (16) can be calculated by the least
squares method. The frequency response curve of each ele-
ment of the admittance matrix (7) must be matched to the ex-
act one, namely Y(sk) = Ŷ(sk) at sampled frequency points
sk, k = 1, . . . ,K. Thus we have

AX = B (22)

where X is unknown vector containing the residues, and
B is column vector consisted of exact sampled frequency-
domain data:

X =
[

k0,1 · · · k0,N b1,1,1 b0,1,1 · · · b1,N,M b0,N,M

]T
(23)

B =
[

Y(s1) Y(s2) · · · Y(sK)
]T

(24)

and each element of A is given as:

Ak, j =
1

sk − p0, j
, j = 1, . . . ,N (25)

Ak,N+2 j−1 =
sk

s2
k + a1, j sk + a0, j

Ak,N+2 j =
1

s2
k + a1, j sk + a0, j


, (26)

j = (i − 1)M + n, i = 1, . . . ,N, n = 1, . . . ,M

The least squares solution X can be found by using QR fac-
torization so that ||B − AX||2 is minimized.

In order to guarantee the passivity of the macromod-
els, the following trial-and-error approach for calculating
the residues is provided. In Sect. 3, it will be explained in
detail how the following procedure ensures the passivity of
the macromodels.

Step 1) Determine the highest frequency fmax considering
the frequency spectrum of input pulse signals.

Step 2) Choose all poles with the imaginary part less than
or equal to 2π fmax and further several extra poles be-
yond the frequency. Let the number of the former and
the latter be M and α, respectively. Thus the value of
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M in (23) and (26) is replaced with Mext = M + α. The
appropriate initial value of α is about 5 ∼ 10.

Step 3) Perform the least squares fitting and subsequently
truncate the extra α pole-residue pairs beyond 2π fmax.

Step 4) If all of the residues (23) and the resulting circuit
parameters (20) and (21) are positive, finish the com-
putation; otherwise increase the number of extra poles
α and return to Step 3.

It should be noted that the proposed method enforces
the passivity of the interconnect macromodels. All the val-
ues of the passive elements included in the macromodels
are constrained to be positive. Hence, the macromodels are
guaranteed to be passive.

3. Illustrative Examples

3.1 Distribution of Poles

First, we investigate distribution of poles in the complex
plane by the computational method described in the subsec-
tion 2.2, because this gives us very important information to
choose dominant poles. The parameters of interconnects are
set as follows:

Ri,i = r [Ω/mm], other elements of R are 0.
Li,i = 10 [nH/mm], Li,i+1 = Li−1,i = 1 [nH/mm],
Li,i+2 = Li−2,i = 0.1 [nH/mm], other elements of L are 0.
Ci,i = 4 [pF/mm],Ci,i+1 = Ci−1,i = −0.21 [pF/mm],
Ci,i+2 = Ci−2,i = −0.01 [pF/mm], other elements of C are 0.

(a) N = 1 (b) N = 2 (c) N = 4

Fig. 7 Distribution of poles for N-conductor interconnects. The poles with negative imaginary part
are not shown in this figure. (r = 0.5 [Ω/mm], d = 5.0 [mm])

(a) r = 0.5 [Ω/mm], d = 1.0 [mm] (b) r = 25.0 [Ω/mm], d = 5.0 [mm]

Fig. 8 Distribution of poles for 4-conductor interconnect for the cases that (a) the length d becomes
short and (b) the resistance component r becomes large.

Gi,i = 0.5 [mS/mm],Gi,i+1 = Gi−1,i = −0.05 [mS/mm],
Gi,i+2 = Gi−2,i = −0.01 [mS/mm], other elements of G are 0.

and the values of N, r and d (resp., the number of conduc-
tors, the resistance component and the length of intercon-
nect) are changed in the examples.

Figure 7 shows distribution of poles for interconnects
with different values of N. The poles with negative imagi-
nary part are not shown in these figures. Observe that they
consist of N real poles and complex conjugate poles for each
n in (8). As shown in Fig. 7 the imaginary parts of the com-
plex conjugate poles increase monotonically as n in (8). We
assume an input pulse waveform which has large spectrum
in the lower frequency range. Thus model accuracy in the
lower frequency range, which is closely related to poles lo-
cated near the origin, is very important for transient simula-
tions. Since poles for large n are far from the origin, they do
not play important roles for the transient responses.

Next, either the length d or the resistance component
r of 4-conductors interconnect is changed and the distribu-
tions are examined. The results are shown in Fig. 8. Com-
pared Fig. 7(c) with Fig. 8(a), it is obvious that the imagi-
nary parts of the poles for short-length interconnect become
quickly large for n. Further, from Figs. 7(c) and 8(b), we
found that the real parts of poles become larger, as the resis-
tance components of the interconnect increase.

Since some of poles keep away from the origin do not
play important roles for the transient response, it is expected
that for either short-length or high-resistive interconnects
the number of dominant poles will become small, i.e., ef-
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(a) |Y11( jω)| (b) |Y12( jω)|
Fig. 9 Frequency response curves for single conductor interconnect. (r = 0.5 [Ω/mm], d =
5.0 [mm], fmax = 6.0 [GHz], M = 10)

fective reduction may be possible.

3.2 Calculation of Residues by Least Squares Method

We mention here the reason why the residues calculation
procedure described in subsection 2.4 is required, through
the following numerical results. Throughout our simula-
tions, we set the real part of the complex frequency sk as
zero (i.e., sk = jωk = j2π fk) in (24) and (25), and the sam-
pling interval is taken to be 0.01 [GHz] equally.

Case 1: Let the highest frequency and the number of poles
be fmax = 6 [GHz] and M = 10, respectively. In this case the
frequency corresponding to the pole p10 (the suffix i = 1 is
omitted) with largest imaginary part is about 5 [GHz]. The
frequency response curve obtained by substituting the cal-
culated poles and residues to the partial fraction (16) or (17)
and the exact curve obtained from (7) are shown in Fig. 9.
Here, the above-mentioned procedure of residues calcula-
tion is not used, and |Ŷ12( jω)| is calculated using the rela-
tion (18). The approximated curves by the partial fractions
have relatively good agreement with the exact one up to 11-
th peak around 5 [GHz], because we took a real pole and
10 of complex conjugate poles (i.e., M = 10). From the
figure, it seems that the least squares fitting is successfully
performed. However the calculated residues contain nega-
tive values as listed in the left-half of Table 1, which yields
negative circuit parameters in (21). Thus, it is clear that the
passivity is not satisfied in this case.

Case 2: For the case that the resistance component of in-
terconnect becomes large, the least squares fitting fails to
approximate the frequency-domain response accurately, as
shown in Fig. 10. In this example, |Ŷ12( jω)| is also calcu-
lated using the relation (18). From these two examples, we
can conclude that the pole selection in this manner is not
suitable for our purpose.

Case 3: Next we tried to choose some extra poles beyond
the highest frequency fmax. After choosing 6 of extra poles
beyond fmax = 6 [GHz] (i.e., M = 18), the residues are
calculated by performing the least squares fitting, which
are listed in the right-half of Table 1 and the frequency re-
sponse curves are shown in Fig. 11. As expected, |Ŷ11( jω)|

Table 1 Residues obtained by the least squares method for Cases 1 and
3.

Case 1 Case 3
n b1,n b0,n b1,n b0,n

1 3.815e−02 3.979e−03 4.000e−02 5.002e−03
2 3.815e−02 1.939e−03 4.000e−02 5.008e−03
3 3.816e−02 −1.568e−03 4.000e−02 5.017e−03
4 3.818e−02 −6.727e−03 4.000e−02 5.016e−03
5 3.820e−02 −1.385e−02 4.000e−02 5.004e−03
6 3.822e−02 −2.349e−02 4.000e−02 4.979e−03
7 3.825e−02 −3.664e−02 4.000e−02 4.940e−03
8 3.828e−02 −5.537e−02 4.000e−02 4.960e−03
9 3.829e−02 −8.508e−02 4.000e−02 5.049e−03

10 3.818e−02 −1.483e−01 4.000e−02 5.127e−03
11 4.000e−02 4.623e−03
12 3.990e−02 1.383e−02
13 4.149e−02 3.551e+00
14 1.704e+00 −1.005e+02
15 −1.902e+01 6.750e+02
16 6.859e+01 −1.764e+03
17 −9.761e+01 1.972e+03
18 4.815e+01 −7.910e+02

matches the exact one within the whole frequency range
(0 ≤ f ≤ fmax) of interest, as shown in Fig. 11(a). Un-
fortunately, as shown in Fig. 11(b), |Ŷ12( jω)| obtained from
(17) and (18) is entirely different from the exact one. Fur-
thermore, the values of |Ŷ11( jω)| at certain frequency range
beyond the highest matched frequency ( fmax = 6 [GHz]) be-
come very large and differ completely from the exact one,
as shown in Fig. 11(c). Note that the only difference of
Figs. 11(a) and (c) is the scales of axes.

From the right-half of Table 1, the residues for n >
12, which correspond to the extra poles, contain negative or
large values and consequently do not guarantee the passivity.
Thus, it is concluded that disagreement of |Ŷ12( jω)| and huge
values of |Ŷ11( jω)| at frequency range beyond fmax are due
to the extra pole-residue pairs.

Case 4: In this example, to remove the pole-residue pairs
beyond the highest frequency is considered. In the same
conditions as Case 3, 6 extra pole-residue pairs for n > 12
are truncated and the frequency response curves are com-
puted. The results are illustrated in Fig. 12. The effect of
truncation begins to appear at the last half of the frequency
range; that is, the accuracy of partial fractions (16) and (17)
at higher frequency range is degraded. However, at lower
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(a) |Y11( jω)| (b) |Y12( jω)|
Fig. 10 Frequency response curves for single conductor interconnect. (r = 25.0 [Ω/mm], d =
5.0 [mm], fmax = 6.0 [GHz], M = 10)

(a) |Y11( jω)|

(b) |Y12( jω)|

(c) |Y11( jω)|
Fig. 11 Frequency response curves for the case that extra poles beyond
fmax are used. (r = 25.0 [Ω/mm], d = 5.0 [mm], fmax = 6.0 [GHz], M =
18)

frequency range both curves remain matched. Furthermore
the calculated response |Ŷ12( jω)| using the relation (18) is
also matched to the exact one at lower frequency range,
unlike the Case 3. Note that the partial fractions (16) and
(17) (or the resulting asymptotic equivalent circuits) become
more precise as the value of fmax increases, because matched
frequency range becomes wide accordingly. Further it has
been confirmed that positive residues and/or circuit elements
of the macromodels can be obtained by increasing the num-

(a) |Y11( jω)|

(b) |Y12( jω)|
Fig. 12 Frequency response curves for the case that 6 poles beyond fmax

are truncated. (r = 25.0 [Ω/mm], d = 5.0 [mm], fmax = 6.0 [GHz], M =
12, α = 6)

ber of extra poles, even if negative residues and/or circuit
elements appeared around fmax.

In order to investigate the effect of the truncation and
how to determine the number of extra poles α, we examined
root mean square (rms) error between the exact and the ap-
proximated frequency responses in 0 ≤ f ≤ fmax, with dif-
ferent line parameters, highest matched frequency fmax and
number of extra poles α. The results are shown in Table 2,
where the most right column indicates whether all passive
elements have positive values or not when the extra pole-
residue pairs are truncated. Note that the rms error of Y11

increases due to truncating the extra poles, while the one
for Y12 always decreases. This coincides with the results
shown in Figs. 11 and 12. When the same line parameters
and different α are taken, the differences between the rms
errors are small. Therefore, a small α is preferable from
computational efficiency point of view. However, this does
not necessarily obtain the passive macromodels as shown
in Table 2. Roughly speaking, α depends on the number



520
IEICE TRANS. FUNDAMENTALS, VOL.E88–A, NO.2 FEBRUARY 2005

Table 2 Root mean square error between the approximated and exact responses, where “truncated” and “not truncated” mean
that the terms corresponding to the extra poles are truncated or not, and “True” and “False” in the column of passivity indicate
that the obtained circuit is passive or not, respectively.

line fmax [GHz] rms error for Y11 rms error for Y12

parameters (M) α not truncated truncated not truncated truncated Passivity

3 2.911e−06 9.570e−04 1.053e−02 1.090e−04 False
5.0 5 5.968e−08 9.552e−04 7.438e−02 1.061e−04 True
(10) 10 4.420e−11 9.560e−04 3.847e+02 1.052e−04 True

20 3.305e−11 9.560e−04 1.177e+05 1.051e−04 True
R = 25.0 [Ω/mm], 3 9.816e−06 1.025e−03 1.945e−02 1.135e−04 False
L = 100.0 [nH/mm], 10.0 5 4.938e−07 1.021e−03 2.205e−01 8.557e−05 False
C = 0.4 [pF/mm], (20) 10 8.583e−11 1.025e−03 7.327e+01 7.906e−05 True
G = 0.5 [mS/mm], 20 1.129e−10 1.025e−03 2.945e+05 7.907e−05 True
d = 5.0 [mm] 3 1.767e−05 1.052e−03 2.623e−02 1.435e−04 False

15.0 5 1.397e−06 1.044e−03 3.887e−01 8.303e−05 False
(30) 10 8.882e−10 1.056e−03 2.090e+02 6.601e−05 True

20 5.192e−11 1.055e−03 2.298e+05 6.607e−05 True

3 3.699e−04 9.635e−02 8.652e−01 9.866e−03 False
5.0 5 4.611e−06 9.575e−02 6.237e+00 1.066e−02 True
(10) 10 1.568e−08 9.574e−02 1.023e+05 1.068e−02 True

20 6.777e−08 9.574e−02 1.850e+08 1.068e−02 True
R = 0.5 [Ω/mm], 3 1.591e−03 1.042e−01 1.565e+00 6.394e−03 False
L = 1.0 [nH/mm], 10.0 5 7.420e−05 1.028e−01 1.810e+01 7.926e−03 True
C = 40.0 [pF/mm], (20) 10 6.906e−08 1.027e−01 8.539e+03 8.040e−03 True
G = 0.5 [mS/mm], 20 6.899e−08 1.027e−01 3.270e+08 8.040e−03 True
d = 5.0 [mm] 3 3.031e−03 1.079e−01 2.085e+00 4.963e−03 False

15.0 5 2.410e−04 1.059e−01 3.150e+01 6.459e−03 False
(30) 10 1.301e−07 1.057e−01 1.821e+04 6.719e−03 True

20 5.662e−08 1.057e−01 1.566e+08 6.719e−03 True

3 3.271e−07 6.790e−03 1.513e−02 1.618e−03 True
5.0 5 7.379e−10 6.789e−03 4.215e−02 1.619e−03 True
(2) 10 1.965e−10 6.789e−03 1.083e+06 1.619e−03 True

20 7.529e+05 6.789e−03 1.596e+06 1.619e−03 True
R = 25.0 [Ω/mm], 3 3.736e−06 8.188e−03 3.310e−02 1.419e−03 True
L = 10.0 [nH/mm], 10.0 5 1.032e−08 8.180e−03 1.368e−01 1.429e−03 True
C = 4.0 [pF/mm], (4) 10 4.771e−10 8.180e−03 5.440e+05 1.429e−03 True
G = 0.5 [mS/mm], 20 9.821e−10 8.180e−03 9.321e+05 1.429e−03 True
d = 1.0 [mm] 3 1.283e−05 8.874e−03 5.124e−02 1.245e−03 True

15.0 5 8.669e−08 8.854e−03 2.655e−01 1.270e−03 True
(6) 10 6.770e−10 8.854e−03 2.420e+04 1.270e−03 True

20 1.590e−10 8.854e−03 4.734e+06 1.270e−03 True

3 1.911e−06 6.813e−02 9.103e−01 1.220e−02 False
5.0 5 1.072e−09 6.473e−02 3.702e+00 1.424e−02 True
(2) 10 1.005e−13 6.470e−02 9.716e+02 1.424e−02 True

20 2.510e+02 6.470e−02 1.898e+02 1.424e−02 True
R = 25.0 [Ω/mm], 3 1.493e−05 7.983e−02 1.519e+00 1.249e−02 False
L = 1.0 [nH/mm], 10.0 5 4.768e−08 7.866e−02 7.608e+00 1.211e−02 True
C = 40.0 [pF/mm], (4) 10 6.061e−12 7.843e−02 1.021e+05 1.230e−02 True
G = 0.5 [mS/mm], 20 3.881e−12 7.843e−02 6.500e+04 1.230e−02 True
d = 1.0 [mm] 3 4.096e−05 8.544e−02 2.115e+00 1.821e−02 False

15.0 5 3.089e−07 8.611e−02 1.279e+01 1.012e−02 False
(6) 10 5.741e−12 8.539e−02 1.006e+04 1.086e−02 True

20 5.656e−12 8.539e−02 5.911e+04 1.086e−02 True

of poles which have the imaginary part less than or equal
to 2π fmax. With increase of the number of poles, M and α
should be taken largely in order to obtain the passive macro-
models. However, α is also dependent on the line parame-
ters. Therefore, it is difficult to determine a suitable value
of α in advance, and the proposed procedure provided in
Subsect. 2.4 is necessary.

3.3 Transient Simulations

Now, let us calculate the transient responses for a simple

linear circuit with a single-conductor interconnect shown in
Fig. 13. The SPICE simulations using the asymptotic equiv-
alent circuit of Fig. 4(a) are carried out with varying the
highest matched frequency fmax (accordingly M is changed),
and compared with the simulated results of built-in SPICE
model. Figure 15 shows the transient response waveforms
for r = 0.5 [Ω/mm] and d = 5.0 [mm]. All the wave-
forms have relatively good agreement, although ringing oc-
curs at rising and falling edges of waveforms. The ring-
ing can be suppressed with increasing M, but remarkable
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Fig. 13 Simple linear circuit with single conductor interconnect. (RS =

10[Ω], RL = 10[Ω])

Fig. 14 Full-adder circuit. The parameters of all interconnects T1 ∼ T4

are R = 500 [Ω/mm], L = 10 [µH/mm], C = 0.01 [pF/mm], G =

0.5 [µS/mm], d = 5 [mm].

(a) Near end (b) Far end

Fig. 15 Transient response of the circuit shown in Fig. 13. (r = 0.5 [Ω/mm], d = 5.0 [mm])

(a) Near end (b) Far end

Fig. 16 Transient response of the circuit shown in Fig. 13. (r = 25.0 [Ω/mm], d = 5.0 [mm])

(a) Near end (b) Far end

Fig. 17 Transient response of the circuit shown in Fig. 13. (r = 25.0 [Ω/mm], d = 1.0 [mm])

changes are not observed even for M = 100 (in this case
fmax = 50 [GHz]).

Figure 16 is the transient waveforms for the case that
the resistance component r of interconnect was increased.
In this case, the poles are far from the imaginary axis (see
Fig. 8 (b)), but this does not affect the transient waveforms;
that is, the number of poles M can not be reduced for the
case of interconnect with high resistance component.

Next, after setting the length d of interconnect to be
short, the transient simulation is carried out. In this case, the
poles go far away from the real axis with n of (8), which is
illustrated in Fig. 8(a). The transient waveforms for M = 10
(in this case fmax = 25 [GHz]) are approximately coincide
with the SPICE results, as shown in Fig. 17. Thus, for the
case of short-length interconnect, effective reduction is pos-
sible.

Finally, as an example of circuit with nonlinear ele-
ment, a full-adder circuit shown in Fig. 14 is simulated and
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(a) vS (b) vC
Fig. 18 Transient response for the full-adder circuit shown in Fig. 14.

the results are illustrated in Fig. 18. Replacing the intercon-
nect with the corresponding asymptotic equivalent circuit,
where M = 20, effective simulation using SPICE is possible
for nonlinear cases.

4. Conclusion

In this paper, we have proposed an algorithm for calculating
the exact poles, the corresponding residues are estimated by
the least squares method. A procedure for calculation of the
residues that guarantee the passivity has also provided. Us-
ing the poles and residues, each element of the admittance
matrix of interconnects is approximated by the partial frac-
tion. Though the frequency response curves calculated us-
ing the partial fractions becomes inaccurate around the high-
est matched frequency fmax, the partial fractions and the re-
sulting asymptotic equivalent circuit models are always pas-
sive. Further, it has been shown, from the investigations
of pole distributions and the transient simulations, that the
effective model-order reduction is possible for the case of
short-length interconnects. Thus our method is efficiently
applied for VLSIs.
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