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The Effect of Message-Class Dependent T hreshold-
Type Scheduling on the Delay for the M/M/n Queue

SUMMARY The effect of mesage-class dependent
threshold-type scheduling on queueing delay and resequencing
delay for the M /M /n queueing system is analyzed. We first
derive the expressions for the state transition equations, mean
queueing delay, resequencing delay and total delay for the M/
M /n queueing system shared by C different message classes
under a threshold-type scheduling in which the threshold values
depend on the message class at the head of queue and the number
of messages in the buffer. Next, the numerical calculation and
the computer simulation are carried out for the queueing system
with two servers. It is found that the message-class dependent
threshold-type scheduling is effective to reduce the resequencing
delay of some specific message class, which can not be attained
under the conventional threshold-type scheduling, and thus, the
proposed scheduling can satisfy the different requirements of the
different message classes, such as minimizing only queueing
delay or total delay including resequencing delay.

key words: M /M /n queue, threshold-type scheduling, queueing
delay, resequencing delay

1. Introduction

Multiple-server service centers are frequently en-
countered in modeling communication networks. A
typical example is the transmission group (TG) in
IBM’s system network architecture (SNA)®. For
reasons of higher reliability and efficiency, pairs of
nodes in these networks are connected by one or more
logical channels consisting of multiple physical links,
and messages are permitted to use parallel links pos-
sibly of different speeds while going over a logical
channel. Since the number of available parallel links
is finite, messages that arrive while links are occupied
have to be queued in the buffer. Thus, there lies the
dynamic routing problem, where the appropriate com-
munication links have to be assigned for the messages
waiting in the buffer in order to optimize system
performance such as minimizing the mean delay of a
message. The M /M /n queueing system sharing a
common buffer, with Poisson arrival process and
exponential service times is known as a useful queue-
ing model for evaluating the system performance in
various computer systems and communication net-
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works®~®_ In the queueing model, the restriction that
service is provided by a single server without interrup-
tion is imposed. This is motivated by the fact that a
message, once transmitted over one transmission line,
cannot thereafter be switched to another line. Also,
what is called a “server” in the model could be a
communication link or a processor. A “service time”
is then the time taken for the message to traverse the
link or a processing time. Thus, our queueing model
can be also applied to the dynamic routing problem in
a multiprocessor system having different processors
where a job entering the central dispatch would be
assigned to one of the available processors, and in
manufacturing networks where a part typically has to
be processed at several work stations before it is a
finished product. The goal is again to find efficient
routing algorithms.

It is proven that for a queueing system with two
servers of different service rates, the threshold-type
scheduling is the optimum policy which minimizes the
mean queueing delay which consists of the waiting
time in the buffer and service time®. The faster server
should accept a message from the buffer whenever it is
available for service. On the other hand, the slower
server should be utilized if and only if the number of
waiting messages exceeds a certain threshold value,
since the slower server needs large service time. The
mean queueing delay for a queueing system with
multiple servers under a threshold-type scheduling is
approximated®, and the general expressions for the
state probabilities and the mean queueing delay are
obtained®”. The messages served by different servers
may encounter different service time, and this might
cause messages to go out of sequence when they com-
pletes their service. Since most store- and-forward
computer networks require messages to put in the same
order as they were generated, resequencing process is
needed, in which out-of-sequence messges are stored in
a resequence buffer to establish the original order.
Hence, minimizing resequencing delay together with
queueing delay is required. The probability distribu-
tion of the resequencing delay of the M /M /n system
is analyzed®. The mean resequencing delay for a
queueing system with multiple servers of different
service rates is obtained®. The effect of multiple
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message classes on the resequencing delay in a system
with two parallel M /M /1 queues without a threshold-
type scheduling is analyzed”. However, in these sys-
tems the threshold-type policy is not employed. The
mean resequencing dalay for a queueing system with
two servers under a threshold-type scheduling is anal-
yzed and the optimal conditions for minimizing the
mean resequencing delay and the proportion of mes-
sages which experience the resequencing delay are
obtained®. The effect of the threshold-type scheduling
on resequencing delay for a queueing system with
multiple servers under a threshold-type scheduling is
also analyzed®. Recently, the effect of multiple classes
of arrival messages on the resequencing delay for a
queueing system under a threshold-type scheduling is
analyzed®”. However, in these analyses, the threshold-
type scheduling does not depend on the message class,
and thus, it is impossible to give priority to some
specific message classes. The requirements of different
message classes are generally different, for example,
some message classes need to minimize only queueing
delay, whereas the minimizing resequencing delay as
well as queueing delay is required for some message
classes. Therefore, it is of great interest to consider the
threshold-type scheduling in which the control to give
priority of some specific message classes can be
attained for a queueing system with multiple servers.

In this paper, the effect of message-class dependent
threshold-type scheduling on the queueing delay and
resequencing delay for the M /M /n queueing system is
analyzed to consider the feasibility of giving priority of
some specific message classes. We first derive the
general expressions for the state transition equations,
mean queueing delay, resequencing delay and total
delay for the M /M /n queueing system shared by C
different message classes under a threshold-type
scheduling in which the threshold values depend on
the message class at the head of queue and the number
of messages in the buffer. Next, the numerical calcula-
tion is carried out for the queueing system with two
servers under a message-class dependent threshold-type
scheduling to consider the effect of the message-class
dependent threshold-type scheduling. It is found that
the message-class dependent threshold-type scheduling
is effective to reduce the resequencing delay of some
specific message class, which can not be attained under
the conventional threshold-type scheduling, and thus,
the proposed scheduling can satisfy the different
requirements of the different message classes, such as
minimizing only queueing delay or total delay includ-
ing resequencing delay.

2. System Model
Figure 1 shows the system model of the M /M /n

queueing system under a message-class dependent
threshold-type scheduling. It is assumed that a total
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Fig. 1 System model of a M /M /n queueing system under a
message-class dependent threshold-type scheduling.

number of C different classes of the messages arrive
independently at the source node, and that the mes-
sages belonging to class i (1=i< C), arrive according

to a Poisson process with arrival rate A;. The total
arrival rate A is
[
A= Z‘.l/ll- (1)

and B;=A:;/A is the probability that the incoming
message belongs to class i. It is assumed that messages
are queued in an infinite buffer with each message
occupying one unit of the buffer. The messages are
dispatched to servers according to the message-class
dependent threshold-type scheduling which is de-
scribed later. Each message has to complete all its
service at only one server without interruption. The
service time of server j is exponentially distributed
with mean ;' (j=1, -+, n). Without loss of general-
ity, we assume 4 = ="+ = tt,. To ensure stability we
shall also assume A< 4-++-+ . The traffic intensity
o is defined as

A

= 2
=t (2)

In the message-class dependent threshold-type
scheduling, the thresholds depend on the class of the
message at the head of the queue in the buffer, and the
threshold values are changed according to the message
class to give priority to the some specific message
classes. A queue discipline of the message-class depen-
dent threshold-type sheduling for a queueing system
with multiple servers of possibly different service rates
is described as follows: Whenever server 1 becomes
available, it starts serving the first message in the buffer
regardless of the total number of waiting messages,
since server 1 gives fastest service on the average. When

server [ (f =2, -, n) becomes available and servers 1,
.-+, [ —1 are busy, server f starts serving a new message
of class i (i=1, +++, C') taken from the first position in

the queue if and only if the number of waiting mes-
sages exceeds the corresponding threshold Ny-y),:.
Here, M,;< Ny, ;<+*< N1, is assumed. The thresh-
old values are changed depending on the class of the
message at the head of the queue in the buffer. All
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waiting messages which have arrived after this message,
move up one position. Messages may complete their
service in a different order from the one in which they
enter the multiple-server service center. It the message
bypasses the message of the same class, which arrived
earlier in the system and are still being served by the
other servers, the message will experience resequencing
delay to establish the original order. As far as mes-
sages belonging to a given class are concerned, for
example class i, messages of the rest C —1 classes play
the role of interfering traffic. Thus, in the system with
multiple message classes, resequencing delay is defined
as the time a completed message has to wait for all
bypassed messages of the same class until they com-
plete their service. Queueing delay consists of waiting
time in the buffer and service time. The total delay of
a message is the sum of its queueing dalay and its
resequencing delay in the queueing system.

Let the tagged message be a message which is
about to begin transmission from the head of queue in
the buffer just after a message arrives in the system.
Here, it is assumed that the tagged message belongs to
class i, and is sent to server » when a set of servers,
denoted as B, is already busy serving messages. Due to
the memoryless property of the transmission times, the
probability that a message is still being served by server
J after an elapsed time ¢ is exp(— g;t), and the proba-
bility that a message on server / completes its service
after an elapsed time ¢ is 1 —exp (—pusf). Since the
message transmission times are all mutually indepen-
dent random variables, and the transmission time
density function of the tagged message on server r is
expressed as i exp ( —u,2), the probability of the
event that the tagged message bypasses the messages in
U, given that the servers in set B are busy, is expressed
as®

G(B, U, r):A‘m(jI;[U exp(—uﬂ))

(L0, 1 —exp(— )

SfEB-U

-ty exp(— prt) dt
(%)
ﬂk+j§Uﬂj

L2 sw)
fEB-U ,Ur‘Jr‘/lf‘f‘j;]ﬂj

ool G s)
meB—U—{f} ﬂr+luf+ﬂm+j§l/

.. B N N P
oo B )]
JEB

(3)
where B, U, and r in the notation of G (B, U, r)
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denote the set of busy servers excluding the server
which serves the tagged message, the set of servers
whose message are bypassed by the tagged message,
and the server which serves the tagged message, respec-
tively. The expressions for G (B, U, r) when one or
two servers are busy are shown in detail in Ref. (9).
The mean waiting time of the tagged message for the
bypassed messages in U is obtained by calculating the
complementary cumulative density function (ccdf) of
the waiting time of the tagged message. Since the
exponential time distribution has the memoryless prop-
erty and the cumulative density functions of the wait-
ing time of the messages are mutually independent, the
mean waiting time for the bypassed messages in U, is
expressed as'®

V()= [|i= I (1—exp(— ) |a

JEU
~(8)-(2ta)
+---+(—1)”"”+1<ﬁ) (4)

where | U]l denotes the number of elements in set U.
Under a message-class dependent threshold-type
scheduling, the on-off status of the servers, the number
of messages in the buffer, and the class of the tagged
message determine the server to which the tagged
message is sent. Thus, the resequence depends on both
of the on-off status of the servers at the transmission of
the tagged message and the completion of its service.
Under a message-class dependent threshold-type
scheduling, the resequencing delay also depends on the
class of the tagged message and classes of the bypassed
messages, since the threshold values are changed
according to the tagged message class and the tagged
message experiences resequencing delay if it bypasses
the messages of the same class.

3. State Transition Equations

We derive the expressions for the steady-state state
transition equation for the state probability in the A/
M /n queueing system shared by C different classes of
the arrival messages under a message-class dependent
threshold-type scheduling. Suppose m servets are busy
and m-m servers are idle when the tagged message of
class i is about to begin transmission from the head of
the queue. Let p(i, k, Br, Bs) be a steady-state proba-
bility of the state S (i, k, Bn, B3), where k is the
number of messages in the buffer, B, is the set of m
busy servers, and Bj denotes the set of g busy servers in
B, which serve the messages of the same class i as the
tagged message. According to the number of messages
in the buffer and the status of the servers, we can obtain
the state transition equation for the state probability
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when m servers are busy at the transmission of the
tagged message of class i by classifying into three cases
as follows:

3.1 S(i,0, Bn, BS)

Let us consider the equation for the state transi-
tion of S (i, 0, Bn, B3), where there is no message in
the buffer, the set of m servers excluding server 1,
denoted as Bp={b, b, -**, bx} is busy, and the subset
with g servers in By, denoted as By is serving the
messages of class i. The set of n—m idle servers is
written as Zp_n=D,— By, where D,={l,2, -, n}.
When there are no messages waiting in the buffer, the
class of an incoming tagged message is assumed to be
proportional to 8;=A;/A. Thus, the state probability p
(i,0, Bn, B3) can be expressed as

p(i’()’ B”H %)=Blp(07 Bﬂh B?%) (5)

where p (0, B, Bj) is the state probability of the state
S (0, Bn, By), which is independent of the class of the
incoming tagged message.

First, we consider the state transitions from S (i, 0,
B, B;) to other states. When a new message arrives in
the system or any one of busy servers in B, completes
the service of the message, the state transition from the
state S (i, 0, Bn, B5) is occurred. The corresponding
state transition probability is expressed as

(/1+ﬂb1+"'+ﬂbm)p(i:0, B, Bz)- (6)

Next, we consider the state transitions to S (i, 0, B,
Bj) from other states. Since no message is waiting in
the buffer and server 1 is idle, the transition to this state
is occurred only from the states S (i, 0, B, +{za}, B3)
and S(i,0, B,+{za}, B3+{za}), when the server za
included in Z,_, completes the service of message.
The corresponding state transition probability is ex-
pressed as

n—m
az::l ﬂza[P(iy 0, B,,fi'{Zd}, Br?z) +P(l, 0, Bn

+{za}, B4+{za})]. (7)

Note that no transitions to p(i, 0, Bn, B5) due to the
new message arrival or the simultaneous transmission
of the consecutive messages in the buffer with the
tagged message are occurred, since server 1 has to be
idle. In the steady-state, the following equation for the
state transition of p(i, 0, Bn, By) is satisfied.

(/1+ﬂb1+"' +,lem)P(i, 0, Bn, )
= ai:l ﬂza[p(i, 0, Bm"f"{za}, Br%)

+p(i,0, Bn+{za}, Bi+{za})]. (8)
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3.2 S(i,0, By_q+ Dy, BE)

Let us consider the equation for the state transi-
tion of S(i,0, Bn_q+ Dy, Bj), where there is no mes-
sage in the buffer, m servers of the sets of D,={1, 2, ---,
d} and Bp_y(d+2<b1<--<b(m—d)=<n) are busy,
and the subset with g servers By included in D;+ B,,_4
is serving the messages of class /. The state transition
probability from S (i, 0, Bn-4+ D4, B3) to other states
is expressed as

(A+ﬂl+"'+ﬂd+ﬂb1+"'+ﬂb(m—d)>
p(i,0, Dyt Bn—a, B7). (9)

Next, we consider the state transitions to S (i, 0,
B, _.+ D,, Bj) from other states. Four cases of transi-
tions to this state are occurred. The first case corre-
sponds to the state transition due to the arrival of a
new message. The new arrival message is accepted by
only server 1 if the threshold Ns—1),5,>0(f =2, -, d),
where as server f may accept the new arrival message
if the tagged message belongs to class Sy and the corre-
sponding threshold Ny-1)s, equals to 0. The state
transition probability due to the arrival of a new
message is expressed as

AB:(S1,0, Dy+ Bn_g—{1}, BS—{1})
+ fiF (Ni-1y,5,) AB:p (S, 0, Dy+ By
—{}, Ba—{/H (10)

where

1 if n=0
F(n) ={ . (11)
0 otherwise
{f} if message on server f belongs

_ to class 7
{ri=

& if a message on server / belongs
to class j(=1).
(12)

The second case of the state transition to S (i, 0,
Bn_s+ Dy, BE) corresponds to that due to the comple-
tion of the service of the message and simultaneous
acceptance of a new message by server 1, or server f (f
=2, -+, d) if the class of the tagged message is Sy and
the number of messages exceeds the threshold N _iy,s;.
The corresponding state transition probability due to
the completion of the service of the message and simul-
taneous acceptance of a new message is expressed as

wBilp(Si, 1, Dyt Bn-a, BE—(1})
+p(Si, |, Dy+ Bn-o, Bi—{1}+{1})]
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d
+J§2L (= Ni1.s,) uBilp(Sr, 1, Dy

+Bm—d, Br‘g_{f_‘})
+p(Ss, 1, DadBu_u, Bi—{Ff}+{fH1 (13)
where

1 if n=0
L =] (14)
0 otherwise.

The third case of the state transition to S (7,0,
Byn-a+ Da, Bf;) corresponds to that due to the comple-
tion of service of the message by server za(a=1, -, n
—m) included in D,— Dy;— B, _4, and the state transi-
tion probability due to the completion of service of the
message is expressed as

n—m
aZ=!1 tza(p(i,0, Dy+ Bp_y+{za}, BY)

+p(i,0, Dy+ Bp-o+{za}, B4+{za})). (15)

The fourth case of the state transition to S (7,0, Bn_q
+ Dy, B3) corresponds to that due to the simultaneous
transmission of the consecutive message(s) in the
buffer with the tagged message. Since the threshold
values depend on the class of the tagged message, the
simultaneous message transmission of the consecutive
message (s) just after the tagged message may be occur-
red. Suppose the state for an M /M /2 queueing system
is §(i, k,j,0), where j=1,-, C, and My, <k<N,,,
for example. When the server 1 completes its service,
then immediately the tagged message of class i is sent
to server 1. If the successive message just after the
tagged message belong to class m, then it is sent simul-
taneously to server 2, respectively, since server 2 is idle
and the corresponding number of message in the buffer
at the transmission of the consecutive message, &,
exceeds the corresponding message-class dependent
threshold M,». The state transition to S(i,0, Bp_q4
+ Dy, Bj) due to the simultaneous transmission of the
e—1(2=e=d) consecutive messages, denoted as {Ses,
+++, See}, in the buffer with the tagged message Se; is
occurred, when server el completes its service, the
tagged message and the following e—1 consecutive
messages can be sent to the corresponding server {el,
e2, -+, ee}, respectively. The condition of the succes-
sive transmission of the e—1 consecutive messages is
that the numbers of the messages at the transmission of
the consecutive messages exceed the corresponding
thresholds, respectively, that is, the product of L (e—1
—N (1-1),50) L (e—z“N(ez—n,sez) - L( — N (ce-1,5¢e)
must be 1. Thus, the state transition probability due to
the simultaneous transmission of the consecutive mes-
sage(s) is expressed as

d
2 20 L(e—1—Nei-1),501)

e=2Ee€Da

L(e—Z-N(EZ—l),Sez)
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L (= Nee-1),506) te1Bses* BsecB

(p(Ser, €, Dy+Bpn_y—E.+{el}, Bi—E.)
+p(Se1, e, Dy+By_y—E.+{el}, B
—E,+{el})) (16)

where E,={el, €2, -+, ee} is the set of e servers includ-
ed in D;. Thus, in the steady-state, the following
equation for the state transition of p(i,0, By_o+ Dy,
B3) is satisfied.

A+t pa+ por+ -+ tom-ayp (i, 0, Dy
+ By, BY) '
=ABp (Sy, 0, Da+ Bpn-o—{1}, Bi—{1})

d
+§2F(Mf—1),5f> AB:p (S, 0, Dy+ Bp_g

+uB:(p(Si, 1, Dyt Bn—u, BE—{1})
+p(Si, 1, Dy+ By, B£~{I}+{l}))

d
+f2=12L (= Nis-1y,s0) 1B:(p(Sy, 1, Dy

+Bm—d, Bg_{_f_})
+p (S, 1, Dy+ Bp_u, Bi—{f}+{f})

n—m
+ agl tza(p (i, 0, Dy+ Bp_y+{za}, B)
+p(i,0, Dy+ Bp_y+{za}, Bg+{za}))

d
+2 21 L{e—1—Nei-1),501)

e=2Ee¢EDqa
L(e—2— Nez-1),502) "
L (= Neee-1),5¢e) 1e1Bser"** BseolB:
(p(Se1, €, Da+ Bn-o— E.+{el}, Bi— E,)
+p(Se1, €, Dy+ Bpn-a— E.+{el}, B
—E.+{el})). 17)

3.3 S, k,Bu_g+ Dy, Bf) (Np1),:<k=Ny;)

Let us consider the equation for the state transi-
tion of § (l, k, Bmfd”f“Dd, 7%) , where Mh~1),i< k éNh,i
(h=1,-+, m—1 and Np;=0), m servers of the sets of
D, and By, y(d+2<b1<--<b(m—d)<n) are busy,
and the subset with g servers Bj included in B,_q+ Dy
is serving the messages of class i. Under the message-
class dependent threshold-type scheduling, the set of %
(h=d) servers, denoted as Dy, has to be busy. By
using the similar steps as those in Sect. 3.2, the steady-
state transition equation for the state probability of
p(i, k, By_qg+ Dy, BS) is obtained as follows:

Attt pat pror 4+ ttom-ay) p (i, k, Dy
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+Bn_q, B3)
=Ap(i, k—1, Da+ Bn_a, BY)
d
_{_EZF (Mf_l)'sf_k) /IBip(Sf7 ks Dd

+ Bmfd_{f}, Br%_ {f_})
+mB:i(p(Sy, k+1, Dg+ Bn_a, BE—1{1})
+p (S, k+1, Dy+ Bp_u, B5—{1}+{1}))

d
+§2L (k—Ni-1,s,) tB8:(p (S, k+1, Dy

+Bm—d’ Br%_“{.f})
+p(Ss, k+1, Dyt Bpnu, Bg—{f}+{/}))
n—-m
+ 2 ttza(p(i, k, Dat Bp-a+{za}, Bf)
+p(i, k, Dy+ Bp_y+{za}, B4+{za}))
d
+ 2 Z L <k+ e—1 '_]V(el—l),Sel)
e=2E¢EDqg
L<k+€_2_Mez—l),Sez)

L (k_Mee—l),Sge) #218522'“652931'
(p(Ser, k+e, Dy+By_y—E.+{el},

Bri_Ee)
+p(Sg], k+€, Dd+Bm_d_Eg+{€1}, B,ﬁ
—E.+{el})). (18)

4. Mean Queueing Delay

Now, we obtain the expression for the mean
queueing delay for the M /M /n queueing system under
a message-class dependent threshold-type scheduling.
Queueing delay consists of waiting time in the buffer
and service time. The number of messages in the
system is the sum of waiting messaes in the buffer and
messages in the busy servers. By using the results in
Sect. 3, and removing the conditions on m busy servers
and class i of the tagged message, the expected number
of messages in the system is obtained as follows:

EN=2{5] = 5 5 mp(i,0, Ba BY

i=1\{m=1 BmeDng=OBgn55m

+3 s % 3

k=1Bm1€Dn—D1 9=0Bm-19€Bm-1

(m+k)

p(i,k, Bn_1+Dy, Bj )
m—2 N+ f+1
=0

k=Nyi+1Bm-fr-1€0n—Dssr1d

(m+k)

g=0 D}‘HEDfﬂBfn_f_lEBm_fq

pli,k,Bn s 1+Dysi, Bi_s1+Dfy)
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Nm i m

+ > 22 (m+k)

k:N(m—11,1+1d:OD;,!leDm

-p(i, k, Dn, g)]

o0 n . o
FEB,Z i+ k)pli, k, Dp, D | (19)
where B3 is an arbitrary subset with g servers included
in B,. 2'BSE B, denotes the summation for all com-
binations of Bj included in B,. Thus, from Little’s
formula, the mean queueing delay is

QDmean :% (20)

In our analysis, the mean queueing delay is used as a
performance criterion, instead of using 99th percentile
delay which is useful in the practical system design.
This is because the mean queueing delay is easily
calculated and is often used as a useful measure in the
analysis of queueing models where an infinite buffer
and no loss probability due to buffer overflow are
assumed®®,

5. The Mean Resequencing Delay of the Tagged
Message

Let us derive the general expressions for the mean
resequencing delay for the M /M /n queueing system
shared by C different classes of the arrival messages
under a message-class dependent threshold-type
scheduling. Suppose m servers are busy and n—m
servers are idle when the tagged message of class 7 is
about to begin transmission. Since m servers are busy,
the number of messages in the buffer must be less than
My, ;+1, otherwise at least m+1 servers including
servers 1,2, -+, m+1 should be busy. According to the
class of the tagged message, the number of messages in
the buffer, the status of the servers, and the bypassed
messages, we can obtain the resequencing delay when
m servers are busy at the transmission of the tagged
message of class i by classifying into the six cases as
follows:

5' 1 S(ia O’ Bm, 7%)

Assume that there is no message in the buffer and
that B, is the set of m busy servers excluding server 1.
Let Bg be the subset with ¢ servers serving the messages
of class i included in B,. When a new message
belonging to class i arrives in the system, it is dispat-
ched immediately to server 1 as the tagged message,
since server 1 is idle. The resequencing occurs when
the tagged message on server 1 completes its service
earlier than any of the messages of class i being served
by the set of servers By. The mean resequencing delay
in this case can be obtained by considering all possible
situations of the on-off status of these g servers serving
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the messages of class i at the completion of the tagged
message’s service. Note that the tagged message has to
wait for only the bypasses messages of the same class 7
for resequencing, even when it bypasses some messages
of different classes. The mean resequencing delay R (i,
0, Bn, B) can be obtained by using Eqgs. (3) and (4) as

g
R(i,0, By, ,z>=;z 2 G(BE B 1)V (BY.

=1Bt=8g

(21

5.2 S(i,k,Bu1+Dy, BE_))

Suppose the number of waiting messages in the
buffer is k(0= k< N,,) including the tagged message
of class i at the head of the queue, and m servers
including server 1 are busy. Under a message-class
dependent threshold-type scheduling, only server 1 is
allowed to accept a new message when 1< k<N, ; and
the tagged message belongs to class i. Here, let B,_; be
the set of m—1 busy servers excluding server 1 and
B7,_, be the subset with g servers serving the messages
of class i included in B,-;. The tagged message of
class 7 is dispatched to server 1 as soon as the previous
message on server 1 finishes its service. The tagged
message will experience resequencing delay only if it
completes its service before any of the mesages of class
i being served by the set of servers B%_,. The mean
resequencing delay R (i, k, Bn—1+ D\, B%-1) is expres-
sed as

R(i, k, Bn+Di, B )

=" S G(Bg, B 1)

—18%
hleyeB;’,kl

-

2,0 (BS. BL D)V (Bi) (22)

Il

J

5.3 S, Nsi, Bu_s+ Dy, B3)

Suppose m servers are busy and the number of
waiting messages in the buffer is Ny (1<f <m), in-
cluding the tagged message of class i at the head of the
queue, and server f +1 is idle. Under a message-class
dependent threshold-type scheduling, the set of servers
1, -, f, denoted as D, have to be busy. Let B,_, be
the set of other m— f busy servers excluding Dy, and

= be the subset with g servers serving the messages of
class i included in Bn_;+ D;. When a new message
arrives in the system, the number of messages waiting
in the buffer exceeds N;,; and immediately the tagged
message of class 7 is dispatched from the head of the
queue to server f+1. The mean resequencing delay
R (i, Ny,:, Bn-s+ Dy, BS) is obtained as

R(iv Nf,i) Bm—f+Dfa B?ﬁ)
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g
=2, G(Bi By f+1)V(B)) (23)

54 S(i,k,Bn s 1+Ds1, Bf_ s 1+Df)a

Suppose m servers are busy and the number of
waiting messages in the buffer is k (Ny; < k< Nipiny,1, 1
<f<m—1), including the tagged message of class 7 at
the head of the queue. Under a message-class depen-
dent threshold-type scheduling, the set of servers 1, -+,
f+1, denoted as Dy, have to be busy. Let B,_,_, be
the set of other m— f —1 busy servers excluding Dy,;.
Also, let B#-;-, and Df is the subsets with g and d
servers serving the messages of class ¢ included in
By_s-1 and Dy —{a} ({a}E Dy..1), respectively. Since
the number of messages waiting in the queue exceeds
Ny,:, the tagged message of class i is dispatched from
the head of the queue to any one of servers [, -+, f +1
depending on which server becomes idle first. Let the
server a accepts the tagged message. Note that servers
bl,---,b(m—f—1) can not accept a new message
from the buffer even they become idle. Since the
tagged message is accepted by server a just after the
server a completes serving the message, this message
does not depend on the resequencing delay, even
though it belongs to class i. Thus, the corresponding
state probability in this case is expressed as

pli,k, Bn_s-1+Dysi1, B} n 1+ DJ),
=p(i, k, Bus-1+Dss1, B¢ 1+ D)
+p(i,k, Bu_y_1+Dsi1, Bé—pn 1+ Di+{a}).
(24)
In general,
pli,k,B,D)o=p(i, k, B, D)
+p(i, k, B, D+{a}). (25)

The mean resequencing delay R(i, k, Bn_s 1+ Dy,
B g_f_l‘i'D}i)a becomes

R(l> ka Bmﬁf—1+Df+1, Bi%~f~1+D_g)a

=22 G(Bi_s+Df Bi+Df a)

G (Bi+D# B}y a)V(B5L)
(26)
where j+d=1.
5.5 S(i,k,Dn,D2_1)a

Suppose the number of waiting messages in the
buffer is k (Num-1),:=k < Nn,), including the tagged
message of class i at the head of the queue. Under a
message-class dependent threshold-type scheduling, the
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busy servers are the set of servers 1, ---, m, denoted as
D,. Let DZ_; is the subset with d servers serving the
messages of class i included in D,—{a} where {a} is
included in D,. Sisce the number of messages waiting
in the queue exceeds Nm_1),;, the tagged message of
class i is dispatched from the head of the queue to any
one of servers 1,---, m depending on which server
becomes idle first. Let the server a accepts the tagged
message. Since the tagged messsage is accepted by
server a just after the server a completes serving the
message, this message does not depend on the resequen-
cing delay, even though it belongs to class i. The mean
resequencing delay R (i, k, Dn, D 1) o is expressed as

R(f, k, Dn, Dg—l)a:G (D gqa Dr%*l, a)

S\ S\ G(D, Dl a) V(D). 27)

13
A=1D%EDE, |

5.6 S(i, Nn,i, Dn, DP

When a new message arrives in the system, the
number of messages waiting in the buffer exceeds Ny, ;
and immediately the tagged message of class i is
dispatched from the head of the queue to server m- 1.
The mean resequencing delay R (i, Np,;, Dn, D3) is

R (i, N, D, D7)

=% 3 6

DEEDE,

G (DE D} m+1)V (D). (28)

By using the results in 5.1-5.6, and removing the
condition on m busy servers, the mean resequencing
delay at the transmission of the tagged message of class
i, RT;, can be expressed as follows:

RT;
n m
2B BB 0.0 5 B0
R(i,0, By, B)
Nig m~1
+ Z Z 2 2 p(is k’ BWL*I
A=0 Bm-1EDn—D19=1BY,_,EBm1
+D, B )R(i,k,Bn1tDi, Bf )
+Z‘. 2 2 20 pli, Nps
f=1Bm-yEDp—Dss19=1Bp,EBm-s+Ds
Bn_s+ Dy, Bf) R(i, Nys,;, Bn s+ Dy, B7)
m=2 Nri1),i-1 f+1
+2
=1 k=Nsfi Bm-s-1EDp~Dysy1a=1
S m—f—
Py Z
d=0 g=0 De EDf+] {a} Bm e 1EBm-5-1
P(l, k, By s 1t Dsii, B m—f—1+Df(‘j)a
R (ia ka Bm—f—1+Df+17 B %—f—l-i_Dfd) a
Nma—1 m m-—1
+ 2
k=Non-n,ia=1 =1Dm yEDm—{a}
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P(l, k, Dm, D 7‘;—1) aR(i7 k, Dm, D ;ril—l) a

+Z 2 p(l Nmz,Dm,Dm)

lDdEpm

R(i, N, D, DY) } (29)

6. Mean Resequencing Delay due to the Simultane-
ous Transmission of the Consecutive Message

In this section, we consider the resequencing delay
due to the simultaneous message transmission of con-
secutive message (s) with the tagged message. Suppose
the state for an M /M /3 queueing system is S (i, &, J,
0,0), where j=1,---,C, and Nyn—1=k<N,;, for
example. When the server 1 completes its service, then
immediately the tagged message of class i is sent to
server 1. If the successive two messages just after the
tagged message belong to class m, then these two
consecutive messages are sent simultaneously to server
2 and server 3, respectively, since the numbers of
messages in the buffer exceed the corresponding
message-class dependent thresholds M., and Nim,
respectively. If the message of class m on server 3
bypasses the message of class m on server 2, it will
experience resequencing delay.

Now, we derive the general expressions for the
resequencing delay due to the simultaneous transmis-
sion of the consecutive messages for the M/M/n
queueing system shared by C different message classes.
First, we focus on the case where state probability is p
(j, k, Bu—1+ Dy, B _1), and consider the resequencing
delay due to the simultaneous transmission of the
consecutive message of class i. Suppose the number of
waiting messages in the buffer is £ (1< k<N, ;) includ-
ing the tagged message of class j at the head of the
queue, and m servers including server 1 are busy. Here,
B, and B §_, are the set of m— 1 busy servers exclud-
ing server 1, and the subset with g servers serving the
messages of class j included in Bj_1, respectively. The
tagged message of class j is dispatched to server 1 as
soon as the previous message on server 1 finishes its
service, Here, B 5_; is assumed to be the set of 4 busy
servers when the tagged message is dispatched to server
1. Suppose the message waiting at the second position
from the head of queue belongs to class i (&) and the
set of idle servers which can accept the message of class
i is expressed as A(2,i, k, B 71+ D.), where A(w, y,
q, B) denotes the set of idle servers which can accept
the message of class y waiting at the w-th position
from the head of queue, if it is sent as the consecutive
message due to the simultaneous transmission with the
tagged message, where ¢ and B are the number of
messages in the buffer and the set of busy servers,
respectively, when the message of class y is about to be
dispatched to the server. If 4(2, 7, k, B 51+ Dy) is not
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empty, the message of class i is sent due to the simulta-
neous fransmission to fastest server included in 4 (2, i,
k,B)_,+ D), denoted as min [4(2,i, k, Bs_,+Dy)].
Similarly, the consecutive message of class i/ waiting at
the e-th position from the head of queue (2<e=n
—h) can be dispatched due to the simultaneous trans-
mission on condition that

e—1
uLIz{‘ng[A(w’ Vs k+2—w, B o+ Dy

+J(w—1,k,Br.+D))]}
BiQ[A(e, i, k+2—€, B£—1+D1
+J(e—1,k,Br+D))] (30)

When at least one server is included in 4 (w, y, g, B),
Q[4(w, y, q, B)]=1. Otherwise, Q[4(w, y, q, B)]=
0. The consecutive message due to the simultaneous
transmission is accepted by the fastest server in 4 (w, y,
q, B) denoted as min {4 (w, y,q, B)]. J(w,q, B) is
the set of servers which serve the consecutive messages
due to the simultaneous transmission with the tagged
message, expressed as

J(w,q,B)=J(w—1,q,B)
+min [4(w,i,g+2—w, B
+J(w—1,q,B))]
w=2 - e—1 (31)

and J(1,q, B)=¢. The simultaneously transmitted
message of class i(e-th position in the queue) will
experience the resequencing delay only if it completes
its service before any of the messages of class i being
served by the set of z servers, E*(i), included in B,_,

+D+J(e—1,k,BLE ,+D). The corresponding
resequencing delay is expressed as

élE 2

: Ez(,)G(Ez(i), Eimin[A(e i, k+2—e,
Bi +D+J(e—1,k, Bu1+D))])V(ED.
(32)

Thus, the mean resequencing delay due to the
consecutive message of class { when the state probabil-
ity is p(j, k, Bu_1+Dy, B §_,), is obtained as

m—1

2,2

h=0B:

m-15Bm-1

G (Bn-1, B -1, 1)

T(n—h, k,B:_,+Dy,1) (33)
where
T(f,k, B, a)
s c
:; Z

2ma=1(%7)

>3 eff{ﬂmQ[A (w, m,

Me-1=1(kj)w=2
k+2—w, B+J(w—1,k B)]}
BiQ[A(ea i) k+2—e’ B

1095

+J(e—1,k,B))]

tzjwt 2

ZEEZ(1)

G (E*(i), Ez,

min [4(e,i,k+2—e, B

+J(e—1, k, B))]) V (ED). (34)
and a denotes the server which serves the tagged
message of class j. By considering all cases of state
probabilities and removing the condition of m, the
resequencing delay due to the simultaneous transmis-
sion of the consecutive message of class i, RC;, under

the message-class dependent threshold-type scheduling
is obtained as follows:

[% | Zn}[Ng}—l

k=0 Bm-1€Dn—D;1

p(is k> Bm—l"l‘Db B YZ—I)
1

2 G (Bm—la B 72—1, 1)
(n_hs ka B 7Z—I+D]s 1)

m—
2 .

f=1 Bm—jEDn—Dj+]g’:‘—OBmEBm—f+Dj

p(j, Nyj, Bn_s+ Dy, B)
T(n—m, Ny s, Bm~f+Df+l,f+ 1)

m—2N+n,5—1

1

T
4

F=1 k=Nsj Bm-s-1€Dp—Djsn1
3
d=0 ¢=0 DjeDsi1—{a} BY_ , [EBm-s
. g d
P, k,Bn s 1tDsi, Bi_s1+DF),
"3
R=0 Bf_ . €Bm-s-1

T(”l—h—f, k, Briz’—f—1+Df+1, a)

f+1 m—f—1

2

—-

G(Bp—y1,B ﬁ~f—1, a)

Nm,zj—l m m—1
k=Non-1.; a=1d=0D%_,EDm—{a}

p(]s k7 D?%—l)a T(n—m_la ka Dma a)

m
: . d
+§0D°ZD p(], Nm,z, Dy, Dm)

m=Dm

T{(n—m, Nn,i, Dn11, m+l)]- (35)

7. The Mean Resequencing Delay and Total Delay

The mean resequencing delay is obtained as

C
RDmean:ZI(RTi+RCi)

(9}

(pr (i) +pc(i)) RD(i) (36)

i=1

where RD (i) is the mean resequencing delay of the
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message of class i, pr(i) is the probability that the H(n—m NoiD ] 39
message of class [/ becomes the tagged message, and (n=m, Nni, Dn+1) (39)
pc(i) is the probability that the message of class i where
becomes the consecutive message just after the tagged
message which experience the simultaneous transmis- H(n k, B)= zn] i é B
sion, respectively. ‘ e=2w=2m=1(+J)
RD (i) = (RT:+RCy) (37) QlA(w, m, k+2—w, B
(pr (@) +pc (i) +J(w—1,k, B))]
n—1 m .
pr(=2|,5 = 2 p(i,0, B BY B:QlA(e,i, k+2—e, B
m=1|_ Bm&Dng=0Bg =Bm
Nig m—t +J(e—1,k,B))] (40)
+,§13m_l§)n_mEOB%_EBM_IP(Z" k, The total delay of the message of class i and the
Byt Dy, BA) mean total delay is represented, respectively as
M= Nesaira TD (i) = QDmean+ RD (i) (41)
+ f=1 k=Nf,;‘+1Bm—f—1EZDn—Df+1 TDmean = QDmean + R.Dmean. (42)
LHm Sl When ny1=Nf,z="'=Nf,c(f‘=1, oy, m), the expres-
2 . . 2 . . ;
d=0 ¢g=0 D3, EDsu1By, ;. 1EBm-s-1 sions for the mean queueing delay and resequencing
p(i, k, Bueys+Dsir, BE ;1 delay are identical with .those in Ref.(10) obtained
y under a message-class independent threshold-type
+D f) scheduling. Note that the queueing delay as well as the
N _ ., resequencing delay depend on the distribution of
+k=N(m_l,vi+1§0D%§Dm (i, k, Dy, Dm)] arrival message classes under a message-class depen-
- n dent threshold-type scheduling, since the threshold
+2 2 i, k, D, DY). 38 values are changed according to the class of the tagged
==Y P\, K, Dp, ) )
=S Dn message. On the other hand, in the conventional
N R et threshold-type scheduling, the queueing delay does not
pe (i) j=§;i)mz=:1[ kZ:}o Bm_leznn—mg=o depends on the distribution of the message classes. -
i,k,Bn 1+Di, B )
B;‘iHeBm—lp( it 2 8. Numerical Calculation of the Delay for the M/
m-1 M /2 Queue

G(Bm—l, B #—1, 1)H(71-h,

A=0B!_ EBm-1 . . .
In this section, we consider the effect of the

k,BritDy) message-class dependent threshold-type scheduling on
+’”z“‘1 > ﬁ 5 the delay of the M /M /2 queueing system with two
FE1Bm_seDn—Dsr19=0BY,€Bm-s+Ds classes of arriving messages by numerical calculation,
. g and then compare the results with those for the conven-
P, Ny.is Bn—s Dy, Bi) tional queueing system in which the threshold values
H (n—m, Ny,;, Bn_s+ Dyi1) are independent of the message class of the tagged
m—2 Nesenie1 message. Suppose the messages of class 1 need the

resequencing, and thus, require the minimization of
mean total delay TD(1). On the other hand, the

=1 k=Nfii Bm-s-1E€Dn—Ds+1

S é " messages of class 2, which do not need the resequenc-
a=1d=0 g=0 DjeDrii~(a} Bl s 1EBm-s-1 ing, and require the minimization of mean queueing
p(i,k,Bu_s1+Dysi1, Bi_y1+Df), delay QDpean. Here, the weighted sum 817D (1) + 32
M—f1 ODpeqn is used as the evaluation function. The
P ;B B G (B s1,Br_s1, @) eptimum values of the message-class dependent thresh-
mogmt =R olds and the conventional threshold are summarized in
H(n—h—f,k,Bj_; 1+ Dsi1) Table 1, where A : 22=6:4, 11 o=9:1 and + 1=
N m m—1 1. It is shown from Table 1 that under the message-

class dependent threshold-type scheduling, the opti-
. p mum values of the thresholds Ny,; and M, are different.
p(i, k, Dp, D 1) oH (n—m—1, k, D) The value of N, is larger than M, and as the traffic

m ) B intensity is increased, M. tends to be small while Ny,
+,§op%§pmp(l’ Nan,ir D, D) is kept large compared to Ny, The reason is the

k=Num-1,; a=1d=0DZ%_,EDm—{a}
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following. When the traffic intensity is very small,
server 1 can manage to serve almost all messages with
reasonably small queueing delay, and the resequencing
delay becomes zero if only server 1 is used. Thus, if the
traffic intensity is very small, the evaluation function
can be minimized by increasing the threshold value
appropriately, which corresponds to increase the prior-
ity of server 1 regardless of the class of messages. When
the traffic intensity is relatively large, some of the
messages have to be served by server 2 in order to avoid
excessive queueing delay. Since the messages of class 2
do not require resequencing and the portion of mes-
sages causing resequencing delay is more increased as
more messages of class 1 are sent to server 2, the
message-class thresholds are adjusted in such a way
where server 2 receives more messages of class 2 than
those of class 1. This means that the message-class
dependent threshold scheduling mainly works to con-
trol the routing probability. The routing probability
of sending the messages of class 2 to server 2 is
controlled to be larger than that of sending the mes-
sages of class 1 to server 2, and hence, the priority of
the message of class 2 is emphasized for server 2. This
corresponds to the decrease of the value of threshold
M,» and the increase of the corresponding value of
N1, appropriately to minimize the evaluation function.
As the traffic intensity is larger, the value of the thresh-
old M should become smaller in order to maintain
small queueing delay, while the value of threshold M,
is kept relatively large compared to the corresponding
N to achieve the small resequencing delay of the
message of class 1. The numerical results and the
computer simulated results for mean queueing delay,
resequencing delay and total delay of the systems under
a message-class dependent threshold-type scheduling
are shown in Figs. 2-5, where the optimum thresholds
in Table 1 are used, where the parameters are A; : Az=
6:4, 1 1o=9:1, ;n+py=1. For the comparison, the
results of the system without threshold-type scheduling
(Zero-threshold, N;,;= N, ,=0) and those of the system
under the conventional threshold-type scheduling (M
=MN,=N;) are also shown in Figs.2-5. Figure2
shows the mean queueing delay QDpeqn versus traffic
intensity po. It is found that the threshold-type schedu-
ling is more effective to reduce the mean queueing
delay in the region modest traffic intensity when the
service times of the servers are different. When the
traffic intensity is small, the number of waiting message
is relatively small and the faster server can manage to
serve most of messages. Thus, the queueing delay due
to large service time of the slower server becomes very
small, although the queueing delay due to the waiting
time in the buffer is somewhat increased. It is also
shown in Fig. 2 that the mean queueing delay under
the message-class dependent threshold-type scheduling
is more or less the same as that attained under the
conventional threshold-type scheduling. Note that N,
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Table I Optimum thresholds for the queueing system under a
message-class dependent threshold-type scheduling or
a conventional threshold-type scheduling. Ay : A=6:
4, =91, ph+ =1
conventional class dependent
P threshold-type threshold-type
Nl Nl,l Nl,Z
0.1 6 6 6
0.2 9 9 6
0.3 11 10 5
0.4 10 13 4
0.5 10 16 3
0.6 8 22 3
0.7 7 31 2
0.8 6 34 2
0.9 4 17 1
Midg=6:4, mipp=9:1, m+u=1
6.0 [~
——— Theory
004 Simulation
50 [
Q
o
®
< 4.0 Conventional threshold-type
a
k4
s L
=
&
3.0
20 |k Message-class dependent
threshold-lype
1.0 1 1 L 1 1 1 L 1 1
0.0 0.2 0.4 0.6 0.8 1.0

Traflic Intensily p

Fig.2 Mean queueing delay QDyeq, versus traffic intensity o.
AiA=60:4, 1 =9:1 and p+ pe=1.

and N, are not always the same and mean value of
them may be a real number, and thus, the more flexible
routing control might be achieved compared to the
conventional threshold-type scheduling where the
threshold value has to be an integer. It is also shown
that the computer simulated results agree well with the
numerical results. Figure 3 shows the mean resequenc-
ing delay RD (1) of the message of class 1 versus traffic
intensity o. It is found that the message-class depen-
dent threshold-type scheduling is effective to reduce the
mean resequencing delay of the message of class 1 even
when the traffic intensity is relatively high. It is also
shown that the computer simulated results agree well
with the numerical results. Since the messages of class
2 do not need resequencing, and thus, minimizing
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AtAd=6:4, pyipe=9:1L, m+p=1

50 | Theory
o O A Simulation
_
S’ 40 [
E
= hold
E 3.0 [ Zero-thresho Conventional
v
?n threshold-lype
g 3
g
2
g 20-F a
4
~
Message-class dependent
threshold-type
10 |
3
0.0 Y ' '~ o 1
0.0 0.2 0.4 0.6 0.8 Lo

Traflic Intensity p

Fig. 3 Mean resequencing delay RD (1) of the message of class
1 versus traffic intensity p. A: A2=6:4, 1: £z=9:1 and

ht (= 1.
Midg=6:4, pipp=9:L, mt+m=1
50
Theory
I o o4 Simulalion
4.0
Message-class dependent
- threshold-type
30

Zero-threshold
20

Resequencing Delay (Class 2) RD(2)

Convenlional

threshold-type

13

0.0
0.0 0.2 0.4 0.6 0.8 1.0

Traffic Intensily p

Fig.4 Mean resequencing delay RD(2) of the message of class
2 versus traffic intensity p. Ay: A2=6:4, 1 ,=9:1and
J o1 + 2= L.

mean queueing delay is requimed. However, the rese-
quencing delay of the message of class 2 is also calcu-
lated in order to consider the behavior of the message-
class dependent threshold-type scheduling. The results
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Miha=6:4 pyrm=9:L y+p=1

—_— Theory
8.0 |
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" I
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o

Message-class dependent
20
threshold-type
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Fig. 5 Mean total delay TD (1) of the message of class 1 versus
traffic intensity o. A1:A:=6:4, 1 1=9:1 and 1+ 1

=1

are shown in Fig. 4. It is shown that the resequencing
delay of the message of class 2 will be large if the
resequencing is done, though it is assumed that the
messages of class 2 do not need resequencing. Figure
5 shows the mean total delay TD (1) of the message of
class 1 versus traffic intensity p. It is shown that the
message-class dependent threshold-type scheduling is
effective to reduce the total delay of the messages of
class 1 even when the traffic intensity is relatively high.
It is also shown that the computer simulated results
agree well with the numerical results. The message-
class dependent threshold-type scheduling is shown to
be effective to reduce the resequencing delay and the
total delay of the message of class 1, while the mean
queueing delay is kept as small as that attained under
the conventional threshold-type scheduling. Thus, the
proposed scheduling has more flexibility to satisfy the
different requirements of the different message classes,
such as the minimization of only queueing delay or
total delay including resequencing delay, by selecting
the values of the message-class dependent thresholds
appropriately.

9. Conclusions

The effect of message-class dependent threshold-
type scheduling on the queueing delay and resequenc-
ing delay for the M /M /n queueing system has been
analzed. We first derive the expressions for the state
equations, mean queueing delay, resequencing delay
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and total delay for the M/M/n queueing system
shared by C different message classes under a
threshold-type scheduling in which the threshold val-
ues depend on the message class at the head of queue
and the number of messages in the buffer. Next, the
numerical calculation is carried out for the queueing
system with two servers under a message-class depen-
dent threshold-type scheduling. It is found that the
message-class dependent threshold-type scheduling is
effective to reduce the resequencing delay of some
message class, which can not be attained under the
conventional threshold-type scheduling, and thus, the
proposed sheduling can satisfy the different require-
ments of the different message classes, such as the
minimization of only queueing delay or total delay
including resequencing delay.
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