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Abstract—Neurons transmit signals through the chemi-
cal and electrical synapses such as resistance coupling that
act as a neurotransmitter. This electrical synapse functions
such as the resistor coupling. By contrast, the coupling van
der Pol oscillators generate complex synchronization phe-
nomena. In this study, we focus on the negative coupled
neural oscillator such as a ring and polygonal topology. We
give the simulation results and investigate comparison with
the coupled neural oscillators to van der Pol oscillators.

1. Introduction

The synchronization phenomena of coupled oscillators
have been researched widely in the fields of communica-
tion systems, robot engineering, biological systems, social
networks, and so forth, mainly using the van der Pol os-
cillator and the Kuramoto model. On the other hand, the
brain network and other biological neural networks can
also cause synchronization. The oscillation and synchro-
nization phenomena of neural networks arise from neurons.
However, coupled oscillator models based on neurons have
not been investigated sufficiently. It is important to investi-
gate oscillator models based on neurons in order to reveal
various complex synchronization phenomena in the brain.

Artificial neural networks are calculation models that
can replicate some functions of the human brain. In partic-
ular, a neural network with oscillation is applied to pattern
recognition and walking rhythm outbreak circuits [1]-[2].
Meanwhile, neurons transmit signals through the synapses
that act as a neurotransmitter each other. Synaptic con-
nection methods are classified into two types: a chemi-
cal synapse and an electrical synapse, the so-called ”gap
junction”. The chemical synapse denotes the general com-
bination of a mathematic neuron model. By contrast, the
electrical synapse functions such as a resistor coupling and
promotes synchronization between the neurons.

Here the van der Pol circuit is one of the oscillation elec-
tric circuit. The coupled oscillator composed by some van
der Pol circuits shows complex synchronization and oscil-
lation phenomenon. In this paper, we propose negative
coupled neural oscillators as a ring and polygonal topol-
ogy. We discuss various synchronizations and compare
with these phenomena of the coupled neural oscillators to
the van der Pol oscillators [3][4].

2. Oscillation Circuit

2.1. Neural oscillator

First of all, we explain the general neural oscillator com-
posed by two components. The general neuronal oscillator
is shown in Fig. 1. This model is composed by the excita-
tory neuron N1 and the inhibitory one N2. The weight W21
is defined as the positive weight W21 = Wpositive and W12 is
defined as the negative weight W12 = Wnegative. Moreover,
the neuron N1 has a self-connection with the weight W11 of
the positive weight W11 = Wpositive. The dynamical system
of this general model is described by Eq. (1). Here u is the
internal value of each neuron and τ is the time constant.
The output function is defined as the arctangent.

τ
du1

dt
= −u1 +W12 f (u2) +W11 f (u1)

τ
du2

dt
= −u2 +W21 f (u1)

f (u) = tan−1u

(1)

Figure 2 shows oscillation of the general model with the
weight Wpositive = 2.0 and Wnegative = −2.0. The neurons in
this general model generates oscillation each.

The negative coupled neural oscillators are composed by
some general oscillators coupled each other. In the cou-
pled neural oscillator, each excitatory neuron Nodd is con-
nected with the resister such as the electrical synapse. The
equation of the electrical synapse is described by Eq. (2).
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Figure 1: The general neural oscillator.
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Figure 2: Oscillation of the general neural oscillator
(Wpositive = 2.0, Wnegative = −2.0, τ = 2.0).
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Here the parameter Wgap denotes the weight of the electri-
cal synapse such as a resistance value. Vpre is membrane
potential of a previous neuron.

Igap = −Wgap(U − Upre) (2)

The coupling with the general resister promotes synchro-
nization. By contrast, we consider the negative coupled os-
cillators connected by the negative resistances. In the cou-
pled neural oscillator, the excitatory neurons Nodd are con-
nected each other to compose a topology. Figure 3 shows
the negative coupling neural oscillator as a ring topology.
In our simulations, the parameters of neural oscillators are
defined as Wpositive = 3.0, Wnegative = −3.0, Wgap = −0.18,
τ = 2.0.
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Figure 3: The negative coupled neural oscillator as a ring
topology.

2.2. van der Pol oscillator

In this section, we introduce the van der Pol oscillator.
As a characteristic, the van der Pol oscillator is similar to
the neural oscillator. Figure 4 shows the negative coupled
van der Pol oscillator as a ring topology. The resistance
r is defined as a negative value. We assume that the vk −
irK characteristics of the nonlinear resistor is given by the
following equation

irK = −g1vk + g3v3
k (g1, g3 > 0), (k = 1, 2, 3). (3)

The normalized circuit equations governing the circuit in
Fig. 4 are expressed as

dxk

dτ
= −yk + ε(1 −

1
3

x2
k)x − γ(2xk − xk+1 − xk−1)

dylk

dτ
= xk (k0 = k3, k4 = k1).

(4)

where

t =
√

LCτ, vk =
√

g1
3g3
, ilk =

√
g1

3g3

√
L
C ylk,

ε = g1

√
L
C , γ = r

√
C
L .

Here γ denotes the nonlinearity of the oscillation and ε
is the coupling strength. The resistor r is defined as the
negative value. In our simulations, the parameters of van
der pol oscillators are defined as ε = 0.1, γ = −0.1.
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Figure 4: The negative coupled van der Pol oscillator as a
ring topology.

3. Simulation Results

In our simulation, we investigate dynamics of the mod-
els by the Runge-Kutta method of 4-order with the time
distance h = 0.05.

3.1. Ring topology

3.1.1. Neural oscillator

The negative coupled neural oscillator as a ring topology
in Fig. 3 is composed by connecting the excitatory neu-
rons N1, N3, and N5. Figure 5(a) shows oscillations of
the negative-coupled neural oscillator as a ring topology.
The amplitude of each oscillation is larger and frequency is
lower than one of the general neural oscillator. This neural
oscillator generates oscillation with three-phase synchro-
nization in the whole excitatory neurons.

(a) Oscillation (the excitatory neurons N1, N3 and N5).

(b) Phase planes between the negative
coupled neurons.

Figure 5: The behavior of the negative-coupled neural os-
cillator as a ring topology (Wgap = −0.18, Wpositive = 2.0,
Wnegative = −2.0, τ = 2.0).

3.1.2. van der Pol oscillator

The negative coupled van der Pol oscillator as a ring
topology in Fig. 4 is composed by connecting van der Pol
oscillator through the negative resisters. Figure 6 shows
the oscillation of the this coupled oscillator. The oscilla-
tors generates oscillation with three-phase synchronization
in the whole system. This synchronization phenomenon is
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common to the neural and the van der Pol oscillator. This
synchronization phenomenon is similar to one of the cou-
pled van der Pol oscillator in the references [3]. From the
above, the negative coupled oscillators as a ring topology
show three-phase synchronization in any models.

Figure 6: The oscillation of the van der Pol oscillator as a
ring topology (ε = 0.1, γ = −0.1).

3.2. Polygonal topology

In this section, we focus on the negative coupled oscil-
lator as a polygonal topology. We propose the symmetric
3 − 3 and the asymmetric 3 − 5 polygonal topology.

3.2.1. 3 − 3 neural oscillator

Figure 7 shows the negative coupled neural oscillator as
a 3− 3 polygonal topology. The excitatory neurons N1, N3,
N5, and N7 are connected each other through the negative
coupling without a connection between the neurons N1 to
N5. The connection between the neurons N3 to N7 is shared
with two ring topology.

Figure 8 shows the behavior of the neural oscillator as
3 − 3 polygonal topology. The oscillation phenomenon on
this condition are shown in Figs. 8(a) and phase planes are
shown in 8(b). The neurons neighbored each other without
the neurons N3 and N7 synchronize with anti-phase state.
By contrast, the excitatory neurons N3 and N7 cause syn-
chronization phenomenon with in-phase. These phenom-
ena can be confirmed by phase planes in 8(b).

3.2.2. 3 − 3 van der Pol oscillator

Figure 9 shows the negative coupled van der Pol oscilla-
tor as a 3−3 polygonal topology. The 1st and 3rd oscillator
is also shared with two ring topology such as neural oscil-
lator as a 3 − 3 polygonal topology.

The behavior of the van der Pol oscillator as 3−3 polyg-
onal topology is shows in Fig. 10. This coupled oscilla-
tor also cause synchronization with the neighbor oscilla-
tors. The 2nd oscillator synchronized only the 4th oscilla-
tor with in-phase state, and synchronizations in other cou-
plings show anti-phase state. This synchronization phe-
nomenon is similar to one of the coupled van der Pol os-
cillator such as the references [4]. The negative coupled
oscillators as a 3 − 3 polygonal topology also show same
synchronization regardless of each model.
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Figure 7: The negative coupled neural oscillator as 3 − 3
polygonal topology.

(a) Oscillation (the excitatory neurons N1, N3, N5 and N7).

(b) Phase planes between the negative coupled neurons.

Figure 8: The behavior of the neural oscillator as a 3 −
3 polygonal topology (Wgap = −0.18, Wpositive = 2.0,
Wnegative = −2.0, τ = 2.0).
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Figure 9: The van der Pol oscillator as a 3 − 3 polygonal
topology.

Figure 10: The oscillation of the van der Pol oscillator as a
3 − 3 polygonal topology (ε = 0.1, γ = −0.1).

3.2.3. 3 − 5 neural oscillator

Figure 11 shows the negative coupled oscillator as a 3−5
polygonal topology. We give the simulation results of the
neural and van der Pol oscillator as this topology.

Figure 12 shows the behavior of the neural oscillator as
a 3− 3 polygonal topology. As characteristics of the asym-
metrical negative coupled neural oscillator as a polygonal
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topology, the shared neurons between two rings only syn-
chronize with in-phase state. By contrast, other connec-
tions synchronize with anti-phase state.

In the case of a polygonal topology, coupled oscillator
can synchronized with in-phase and anti-phase if both ring
topologies are composed by odd neural oscillators. In other
cases, each neural oscillator can not synchronize and in-
crease the lineality.
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Figure 11: The negative coupled oscillator as a 3−5 polyg-
onal topology.

(a) Oscillation (the excitatory neurons N1, N3 and N5).

(b) Phase planes between negative-
coupled neurons.

Figure 12: The behavior of the neural oscillator as a
3 − 5 polygonal topology (Wgap = −0.18, Wpositive = 2.0,
Wnegative = −2.0, τ = 2.0).

3.2.4. 3 − 5 van der Pol oscillator

Figure 13 shows the behavior of the van der Pol oscil-
lator as a 3 − 5 polygonal topology. In the contrast to the
previous neural oscillator, the van der Pol oscillator in this
topology can not cause synchronization with in-phase and
anti-phase. Each oscillation has various phase differences.
These synchronized states close to the one of the coupled
polygonal oscillatory networks in the references [4]. In
this reference, it is introduced that the phase differences
are caused in order to decrease the power consumption of
the coupling resistors. These negative coupled neural os-
cillators are able to say the same thing.

In Ref [5], the power consumption in the whole system is
introduces as a cause of the phase differences. Specifically,
the phase difference at the shared connection and others
are varied in order to make this power consumption mini-
mum. However, the shared neurons are synchronized with

in-phase in negative coupled neural oscillator as a polygo-
nal topology synchronization, nevertheless the power con-
sumption is minimum if it is 80 degrees. From the above,
synchronizations of this coupled neural oscillator are not
depended on the power consumption.

(a) Oscillation (the 1st, 2nd and 3rd oscillators).

(b) Oscillation (the 1st, 2nd, 4th, 5th and 6th oscillators).

Figure 13: The behavior of the van der Pol oscillator as a
3 − 5 polygonal topology (ε = 0.1, γ = −0.1).

4. Conclusion

In this study, we have focused on oscillations and syn-
chronizations of negative coupled neural oscillators. Some
negative coupled neural oscillators as a polygonal topol-
ogy cause synchronization that can not be confirmed in the
coupled van der Pol oscillators. On the other hand, neural
oscillators as a ring topology shows similar synchroniza-
tions. In future, we will investigate general rules for the
synchronization of each neuron and the oscillation condi-
tions in detail.
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