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Abstract—There are many studies about coupled
chaotic circuits. In these studies, various kinds of inter-
esting phenomena are observed. Especially, interesting be-
haviours are observed in asynchronous parameter regions
near synchronous parameter regions.

In this study, asynchronous states in chaotic circuits cou-
pled by resistors as a ladder are investigated. Especially,
relationships among the phase shift, coupling strengths and
the number of circuits are investigated.

1. Introduction

In the natural world, there are many coupled systems
which have interesting behaviours. For instance, brain and
neural networks can process various kinds of informations.
Animal skins which consists of many cells show various
kinds of patterns. glowing pattern of fireflies, human rela-
tions, computer networks and so on also show interesting
behaviours. One of interesting behaviours is a synchro-
nization. Especially, chaotic coupled systems show very
interesting behaviours.

There are many studies about coupled chaotic circuits. In
these studies, various kinds of interesting phenomena are
observed. Especially, interesting behaviours are observed
in asynchronous parameter regions near synchronous pa-
rameter regions. By decreasing a coupling strength, a
coupled system does not keep synchronization states and
the system becomes asynchronous states. However, in
these parameter region, clustering phenomena, switching
phenomena between synchronization and asynchronization
and so on are observed. These phenomena can be observed
vast area of the region. By more decreasing a coupling
strength, these phenomena are disappeared and the system
becomes asynchronous states perfectly.

In this study, asynchronous states in chaotic circuits cou-
pled by resistors as a ladder are investigated. Especially,
relationships among the phase shift, coupling strengths and
the number of circuits are investigated. In order to inves-
tigate about phase shift in asynchronous states, the lack of
an oscillation cycle is defined. By using the definition, the
phase shift is treated as the number of the lack.
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Figure 1: Chaotic circuit applied to the system.
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Figure 2: Attractor of the circuit as shown in Fig. 1. (a)
Circuit experimental result. Each axis is set as 0.5[v/div]
Horizontal axis: v1. Vertical axis: v3. (b) Computer simu-
lation result. Horizontal axis: x1. Vertical axis: x3.

2. System Setup

The chaotic circuit applied to the system is shown in
Fig. 1. This circuit was proposed and analyzed in [8].
Figure 2 shows a attractor of the circuit. Parameters are
set as C1 = 0.1 [µF], C2 = 0.068 [µF], L1 = 30 [mH],
L2 = 100 [mH] and R1 = 720 [Ω] in the circuit experiment,
α = 0.75, β = 1.50, γ = 0.30 and δ = 5 in the com-
puter simulation. Chaotic attractor is observed. Largest
Lyapunov exponent which calculated by the method in [8]
is 0.302.

Figure 3 shows an investigated system. Chaotic circuits
are coupled by resistors. Diodes of the chaotic circuit are
modeled as a piecewise linear function shown in Fig. 4

In order to investigate the system, system equations are
derived.
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Figure 3: Bidirectionally coupled diode model.

f(v) g

v

f(v)

v
-Vth

Vth

1

g

1

Figure 4: Bidirectionally coupled diode model.

The normalized system equations are described as fol-
lows.
· First circuit



ẋ11 = αnx11 − x12 − δx11 − δ(|x11 − 1| − |x11 + 1|)/2,

ẋ12 = x11 − x13,

ẋ13 = pnβ {x12 − x14 + ε(x23 − x13)} ,

ẋ14 = γxn3.
(1)

·Middle circuits



ẋn1 = αnxn1 − xn2 − δxn1 − δ(|xn1 − 1| − |xn1 + 1|)/2,

ẋn2 = xn1 − xn3,

ẋn3 = pnβ
{
xn2 − xn4 + ε(x(n−1)3 − 2xn3 + x(n+1)3)

}
,

ẋn4 = γxn3.
(2)

· Last circuit



ẋN1 = αN xN1 − xN2 − δxN1 − δ(|xN1 − 1| − |xN1 + 1|)/2,

ẋN2 = xN1 − xN3,

ẋN3 = pnβ
{
xN2 − xN4 + ε(x(N−1)3 − xN3)

}
,

ẋN4 = γxN3.
(3)
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Figure 5: Computer simulation result. α = 0.75, β = 1.50,
γ = 0.30, δ = 5 and ε = 0.16
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Parameter mismatches pn is added. This is corresponding
to parameter mismatches of C1.

3. Interaction of circuits in asynchronous states

3.1. Lack of the cycle

In order to investigate interactions between coupled two
circuits in asynchronous states, a following expression is
applied. Figure 5 shows a one of computer simulation
results. In this simulation, backgrounds are painted into
two colors. Namely, when the value is increasing, a back-
ground becomes yellow and when the value is decreasing,
a background becomes green. In Fig. 5, green and yel-
low appear repeatedly as a stripe pattern. Although some
gaps occur, all waveforms oscillate with almost same cycle.
This stripe pattern is observed in a vast parameter region of
asynchronous states. However, some times green or yellow
is omitted from the cycle. In x43 of Fig. 5, one green is
omitted, Namely the lack of the cycle is observed.

In this study, relationship among the number of the lack,
a coupling strength and the number of circuits are inves-
tigated. Figure 6 shows a procedure of counting the lack.
The case of two waveforms A and B, numbers of the slope
of a tangent are counted as a and b. When a = 1 and b = 1,
these are reseted as a = 0 and b = 0. When a = 2 or b = 2,
the lack is counted. Then, a and b are set as 0.

3.2. Relationship the lack and coupling strength

Figure 7 shows a relationship between a number of the
lack and coupling strengths in the case of N = 2. In this
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A

B

a 0   1 0       10  1  20       10          10 

b 0    10   1    0       0 1      0       1   0    

Figure 6: Procedure of counting the lack.

Figure 7: Relationship between the number of the lack and
a coupling strength. Horizontal axis: coupling strength
ε. Vertical axis: number of the lack. Iteration time is
50000000[τ] in each value ε, Step is 0.001[τ], pn = 1 +
0.01(n−1), N = 2, α = 0.75, β = 1.50, γ = 0.30 and δ = 5.

parameter region, two circuits are not synchronized at all.
The lack is increased by decreasing coupling strength from
ε = 0.01.

The case of N = 6 is shown in Fig. 8. The lack is ob-
served from ε = 0.28 to 0.20 and from 0.18 to 0. By
increasing the number of the circuit, the lack can be ob-
served in a high coupling strength. The number of the lack
also becomes high. Especially, the number around ε = 0.1
is higher than the case of ε = 0. In this area, clustering
phenomena as shown in Fig. 9 are observed. Upper two
oscillators and lower three oscillators have almost same
waveforms respectively. However, two groups have differ-
ent waveforms. Therefore, the number of lacks of 2-3 and
3-4 becomes higher than the others in this area.

The parameter mismatches between both ends of the sys-
tem are increased by increasing the number of circuits.

In order to investigate the case of keeping parameter mis-
matches between both ends, Table 1 cases are investigated.
Figures 10- 12 show relationships between a number of the
lack and coupling strengths. In Figure 10, the lack is ob-
served from ε = 0.02 to ε = 0. In the case of N = 5 as
shown in Fig. 11, the lack can be observed from ε = 0.2 to
ε = 0. In the case of N = 9 as shown in Fig. 12, the lack

Figure 8: Relationship between a number of the lack and
a coupling strength. Horizontal axis: coupling strength
ε. Vertical axis: number of the lack. Iteration time is
50000000[τ] in each value ε, Step is 0.001[τ], pn = 1 +
0.01(n−1), N = 6, α = 0.75, β = 1.50, γ = 0.30 and δ = 5.
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Figure 9: Clustering phenomena. N = 6, pn = 1+ 0.01(n−
1), α = 0.75, β = 1.50, γ = 0.30 and δ = 5.

can be observed in vast area. These results show that in-
creasing the number of circuits means increasing the lack.
Additionally, clustering phenomena disappear in very low
coupling strengths area ( lower ε = 0.01 ).

4. Conclusion

In this study, asynchronous state in chaotic circuits cou-
pled by resistors as a ladder has been investigated. Wave-
forms of each circuit were distinguished by an increase
or decrease of values. On this distinction, an increase or
decrease of values were observed as stripe patterns. By
decreasing a coupling strength, lack of patterns were ob-
served.

Table 1: Settings of parameter mismatches

Number of Circuit Parameter mismatches
N pk

3 0.01
5 0.005
9 0.0025
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Relationships among this lack, coupling strengths and
the number of circuits were investigated. As results, fol-
lowing behaviours were revealed.

• By decreasing coupling strengths, the number of the
lack is increased.

• Clustering phenomena are observed in over four cir-
cuits.

• By increasing the number of circuits, the number of
the lack is increased.

Figure 10: Relationship between the number of the lack
and a coupling strength. pn = 1 + 0.01(n − 1), N = 3,
Horizontal axis: coupling strength ε. Vertical axis: number
of the lack. Iteration time is 50000000[τ] in each value ε,
Step is 0.001[τ], α = 0.75, β = 1.50, γ = 0.30 and δ = 5.

Figure 11: Relationship between the number of the lack
and a coupling strength. pn = 1 + 0.005(n − 1), N = 5,
Horizontal axis: coupling strength ε. Vertical axis: number
of the lack. Iteration time is 50000000[τ] in each value ε,
Step is 0.001[τ], α = 0.75, β = 1.50, γ = 0.30 and δ = 5.
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