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Clustering and Synchronous Firing of Coupled Rulkov Maps
with STDP for Modeling Epilepsy
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Abstract— Epilepsy of the neuropsychiatric disorder is pro-
voked from an imbalance in the long-term potentiation (LTP)
versus long-term depression (LTD) of the synapses in the
hippocampus. The LTP and LTD are replicated by using the
Spike Timing Dependent Plasticity (STDP). Additionally, the
spiking activity of the synapses in the hippocampus can be
approximated by using the Rulkov maps. In our previous
study, we considered some easy simulation models which are
constructed by using Rulkov maps with STDP. Moreover,
these simulation models consist of unidirectionally coupled
neurons. In this paper, we consider some easy simulation models
with bidirectionally coupled neurons. We explore the effect of
unidirectional and bidirectional connection on spiking activity,
as basic simulation for constructing the approximate simulation
model of epilepsy. From these results, the unidirectional models
show high accuracy in-phase/anti-phase synchronization, and
it shows divergent relatively early. The bidirectional models
show the stable waveform (i.e., non-divergent) for a long term
compared to unidirectional models.

I. INTRODUCTION

PILEPSY is known as one of neuropsychiatric disorder

and involved with a large part of the hippocampus. The
hippocampus has the lowest seizure threshold in the brain,
therefore it has indicated the beginning of most epilepsy
seizures. Moreover, the seizure-related neuronal electrical
activity has feature of synchrony arising regularly [1]. In the
normal status, some neurons suppress the abnormal firing.
If the neuronal firing property of neurons or potentiation
and depression balance are altered slightly, the supranormal
excitability is diffused and lead to seizure. We consider
that the each potentiation and the depression corresponds
approximately to each long-term potentiation (LTP) and
long-term depression (LTD).

In this study, we apply Spike Timing Dependent Plasticity
(STDP) to Rulkov maps for constructing the small-scale
simulation models. STDP is a generic model used to replicate
the LTP and the LTD [2], and Rulkov Map produces two-
dimensional spiking-bursting behavior like real biological
neurons [3],[4]. By incorporating the STDP into the original
Rulkov Map, we can explore the synchronous behavior like
real biological spiking activity. We investigate a relationship
between synchronous firing and LTP, LTD. Moreover, we ex-
plore the effect of unidirectional and bidirectional connection
on spiking activity, as basic simulation for constructing the
approximate simulation model of epilepsy.
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ITI. SPIKE TIMING DEPENDENT PLASTICITY

STDP is a temporally asymmetric form of Hebbian learn-
ing induced by tight temporal correlations between the spikes
of pre-synaptic and post-synaptic neurons. STDP provokes
the LTP of the synapses, if the pre-synaptic spike arrival
a few milliseconds before post-synaptic spikes. Whereas, it
provokes the LTD of the same synapse, if pre-synaptic spike
arrival after post-synaptic spikes.
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Fig. 1. The STDP function of changing synaptic connection.

The weight change Aw;; depends on the relative timing
between pre-synaptic spike arrivals and post-synaptic spikes.
The total weight change Aw;; induced by a simulation
protocol with pairs of pre-synaptic and post-synaptic spikes
is described as following.

N
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where W (z) denotes one of the STDP functions in Fig. 1.
The method to choose for the STDP function W (z) is shown
as following.

W(z) = 2

Apexp(—z/Ty)

—A_exp(z/T_)
which has been used in fits to experimental data and models.
The parameters A, and A_ may depend on the current value
of the synaptic weight w;;. In this article, the parameter A
and A_ are fixed 0.05 each, and the time constants are on
the order of 7 = [10ms] and 7— = [10ms].



III. COUPLED RULKOV MAPS

In recent years, a simple model which replicates the
dynamics of spiking and spiking-bursting activity of real
biological neurons has proposed by N. F. Rulkov. The model
is a two-dimensional map that produces chaotic spiking-
bursting neural behavior. It is demonstrated that the results
of this model are in agreement with the synchronization
of chaotic spiking-bursting behavior experimentally found
in real biological neurons. The expressions of the coupled
Rulkov maps are shown as following.

Tmn+1 = f(xm,naxm,nflaym,n)

+-w;; (wm+17n - mem + wm—l,n)

2

Ymun+1 = Ym,n — ,U/(wmm + 1) + Uo + Uomn

+§wzg (merl,n - 2xm,n + xmfl,n) (3)

where z is the fast and y is the slow dynamical variables
and the parameter w;; shows the coupling weight of the
connection between the map. The coupling weights w;; are
updated by STDP function. If STDP provokes the LTP, the
coupling weights are updated to positive direction. Whereas,
if it provokes LTD, the coupling weights are updated to
negative direction. The nonlinear function f(x,, Tp—1, Yn)
is shown as following:

f(mm,n: Tm,n—1, ym7n)

af(l = Zmm + Ymmn), (Tm,n<0)
= a+Ymn, (0<zmn<atymn and Tp np—1<0)
-1, (Tmn>0+Ym.n OF Tyn—1>0)
“)
«a, o and p show the parameters of the maps. In this
paper, we set parameter a, o and g with arbitrary value.
Here, these parameters are the control parameters of the
dynamics, and each activity shows the typical behavior of the
neurons. Specifically, the amplitude of waveform is changing
by parameter .

IV. NETWORK MODELS AND SIMULATIONS

In this section, we consider some easy simulation models
to analyze CA3 hippocampus network model, and observe
the synchronous firing phenomena of coupled Rulkov maps.

A. CA3 Hippocampus Network Model

The network model of CA3 hippocampus is shown in
Fig. 2. CA3 hippocampus network consists of pyramidal
cells (excitability) and intercalated cells (inhibitory). The
pyramidal cells are interconnected with 8 pyramidal cells of
neighborhood. Moreover, the intercalated cells are intercon-
nected with 16 pyramidal cells of neighborhood.

Additionally, the pyramidal cells and the intercalated cells
exhibit spiking/bursting activity as shown in Fig 3. We
set the parameter of Rulkov maps for replicating the spik-
ing/bursting activity of the pyramidal cells and intercalated
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V Pyramidal cell (excitability)

@ Intercalated cell (inhibitory)

Fig. 2. Network structure of CA3 hippocampus.

cells. The parameter o, o and p are set to 50, 0.1 and 0.04 ~
0.06 each for the pyramidal cells. Moreover, the parameter «,
o and p are set to 40, 0.33 and 0.6 each for the intercalated
cells.
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Fig. 3. Spiking activity. (a) Pyramidal cells. a = 50, ¢ = 0.1, x = 0.05.
(b) Intercalated cells. a = 40, o = 0.33, . = 0.6.

B. 2 Coupled Maps of unidirectional model

In this section, we observe fundamental synchronization
phenomena of the 2 coupled Rulkov maps of unidirectional
models as shown in Fig. 4.
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Fig. 4. Connective arrangements of 2 coupled maps in unidirectional model.
Moreover, we define the synchronization probability to

provide quantitative analysis of synchronization accuracy.
The synchronization probability is defined as follows.

I= )

S 1ias



where X is the number of burst waveform, and Y is the
number of synchrony burst waveform. The coupled Rulkov
maps shows in-phase synchronization, if the synchronization
probability closes in the value to 1. Whereas, it shows
anti-phase synchronization, if the synchronization probability
closes in the value to 0.

The spiking activity and the coupling weight of P-P
unidirectional model are shown in Fig. 4, and Table 1 shows
the synchronization probability of P-P unidirectional model
if the parameter p of coupled Rulkov maps is set to 0.04,
0.05 and 0.06.

TABLE I
SYNCHRONIZATION PROBABILITY OF P-P UNIDIRECTIONAL MODEL

2 0.04 0.05 0.06
M1
0.04 T 0.036 | 0.262
0.05 0.944 1 0.121
0.06 0.832 | 0.141 1

From Figs. 5 and 6, the tendency of spiking activity has
been to improve the anti-phase synchronization accuracy
with decreasing of the coupling weight. Whereas, it has
been to improve of in-phase synchronization accuracy with
increasing of the coupling weight. Since the coupled Rulkov
maps show high membrane potential and divergence by the
increasing of absolute value of the coupling weight. From the
result of Table 1, the P-P unidirectional model shows high
accuracy in-phase/anti-phase synchronization by magnitude
relation of the parameter y.

Figure 7 shows the spiking activity and the coupling
weight of P-I unidirectional model. We can see that the cou-
pling weight close in the value to 0 from around 2500[ms],
thus the coupled Rulkov maps show asynchronous firing.
From this result, the intercalated cells provoke the asyn-
chronous firing and convergence of the coupling weight in
the unidirectional model.

C. 2 Coupled Maps of bidirectional model

In this section, we consider 2 coupled Rulkov maps of
bidirectional models as shown in Fig. 8, and explain the
synchronous firing phenomena compared to the 2 coupled
Rulkov maps of unidirectional models.
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P-P bidirectional P-I bidirectional
Fig. 8. Connective arrangements of 2 coupled maps in bidirectional model.

The spiking activity and the coupling weight of P-P
bidirectional model is shown in Figs. 9, and Table 2 shows
the synchronization probability of P-P bidirectional model if
the parameter y of coupled Rulkov maps is set to 0.04, 0.05
and 0.06.

From the results of Fig. 9 and Table 2, the coupled
Rulkov maps of P-P bidirectional model shows in-phase
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TABLE II
SYNCHRONIZATION PROBABILITY OF P-P BIDIRECTIONAL MODEL

H2 0.04 0.05 0.06
w1
0.04 T 0.726 | 0.474
0.05 0.806 T 0.849
0.06 0848 | 0.18 T

synchronization. The P-P bidirectional model shows low
accuracy in-phase/anti-phase synchronization compared to P-
P unidirectional model, because the coupling weight closes
in the value to 0.5 from beginning to end. Therefore, the P-P
bidirectional model shows non-divergent spiking activity as
shown in Fig. 8.

Figure 10 shows the spiking activity and the coupling
weight of P-I bidirectional model. From these results, the
coupled Rulkov maps show asynchronous firing before
3000[ms], because the coupling weight close in the value to
0. However, the coupling weight close in the value to around
—0.5 after 3500[ms], since the spiking activity shows high
accuracy anti-phase synchronization and convergence of the
coupling weight as shown in Fig. 10-(c).

From the results of 2 coupled Rulkov maps, the bidirec-
tional models show the stable synchronous firing (i.e., non-
divergence waveform) compared to unidirectional models.
Moreover, the intercalated cells provoke the anti-phase syn-
chronization firing and convergence of the coupling weight
in the bidirectional model.

D. 3 Coupled Maps of unidirectional model

In this section, we consider 3 coupled Rulkov maps of
unidirectional models as shown in Fig. 11. Figure 12 shows
the spiking activity of P-P-P unidirectional model.

P-P-P unidirectional I-P-P unidirectional

Fig. 11.
model.

Connective arrangements of 3 coupled maps in unidirectional

From the results of Fig. 12, the coupled Rulkov maps of
P-P-P unidirectional model shows in-phase synchronization
from beginning to end, and the tendency of spiking activity
has been to improve the in-phase synchronization accuracy
with time. Because this model is constructed by 3 pyramidal
cells which is excitability neurons. In this simulation model,
each pyramidal cells have a synergetic effect of increasing the
coupling weights, thus the spiking activity shows divergent
after 1400[ms] (i.e., lead to seizure).

Figure 13 shows the spiking activity of I-P-P unidirectional
model. From Fig. 13-(b), the spiking activity of intercalated
cell shows asynchronous firing with other pyramidal cells.
However it obtains involved in the synchronization of pyra-
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Fig. 5.  Spiking activity and coupling weight of P-P unidirectional model (p1=0.04, p2=0.05). (a) 0[ms]-10000[ms]. (b) 500[ms]-1000[ms].
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Fig. 6. Spiking activity and coupling weight of P-P unidirectional model (141 =0.05, ;12=0.04). (a) 0[ms]-2000[ms]. (b) 600[ms]-800[ms]. (¢) 1600[ms]-

1800[ms].
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Fig. 7. Spiking activity and coupling weight of P-I unidirectional model. (a) 0[rns]-10000[ms]. (b) 2000[ms]-2500[ms]. (c) 8000[ms]-8500[ms].

midal cells (From Fig. 13-(c)), since the spiking activity
shows divergent after 1900[ms] (i.e., lead to seizure).

E. 3 Coupled Maps of bidirectional model

In this section, we consider 3 coupled Rulkov maps of
bidirectional models as shown in Fig. 14. Figure 15 shows
the spiking activity of P-P-P bidirectional model.

From the results of Fig. 15-(b), the spiking activity of
neuron 1 and 2 show the anti-phase synchronization, but
neuron 3 shows asynchronous firing with other neurons.
Since the neuron 3 obtains involved in synchronization of
neuron 1 and 2, as shown in Fig. 15-(c). In this simulation
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Fig. 14. Connective arrangements of 3 coupled maps in bidirectional model.
model, each pyramidal cells have a synergetic effect of

increasing the coupling weights, thus the spiking activity
shows divergent after 3300[ms] (i.e., lead to seizure).
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Fig. 9. Spiking activity and coupling weight of P-P bidirectional model. (a) 0[ms]-10000[ms]. (b) 7000[ms]-7500[ms]. (c) 8000[ms]-8500[ms].
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Fig. 10. Spiking activity and coupling weight of P-I bidirectional model. (a) 0[ms]-10000[ms]. (b) 1000[ms]-1500[ms]. (c) 8000[ms]-8500[ms].
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Fig. 16.

Figure 16 shows the spiking activity of I-P-P bidirectional
model. From Fig. 16-(b), the spiking activity of each neu-
rons show high accuracy in-phase/anti-phase synchroniza-
tion, since the neuron 1 (intercalated cell) gets out from in-
phase synchronization of neuron 2 and 3 (From Fig. 16-(c)).
However, the spiking activity shows divergent after 4900[m.s]
(i.e., lead to seizure), because each pyramidal cells (neuron 2
and 3) have a synergetic effect of increasing the coupling
weights.

V. CONCLUSIONS

In this paper, we considered the simulation model which
is constructed by using Rulkov maps with STDP. We inves-
tigated a relationship between synchronous firing and LTP,
LTD. Moreover, we have explored the effect of unidirectional
and bidirectional connection on spiking activity. From the
simulation results, the coupled Rulkov maps show anti-
phase synchronization, if STDP provokes the LTP of the
synapses. Whereas, the coupled Rulkov maps show in-phase
synchronization, if STDP provokes the LTD of the synapses.
Additionally, the unidirectional models show high accuracy
in-phase/anti-phase synchronization, and it shows divergent
relatively early. The bidirectional models show the stable
waveform (i.e., non-divergent) for a long term compared to
unidirectional models.
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Spiking activity of I-P-P bidirectional model. (a) 0[ms]-5000[ms]. (b) 2500[ms]-3000[ms]. (¢) 3500[ms]-4000[ms].
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