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Abstract

In this study, we investigate synchronization phenomena ob-
served in two coupled chaotic oscillators with shifting input
wave. In this circuit system, two chaotic circuits are coupled
by one resistor or capacitor. We investigate the synchroniza-
tion state when one side’s input wave is shifted. We carry out
computer calculation to investigate in-phase and anti-phase
using correlation value. Moreover, when we change the value
of coupling strength between two oscillators, we observe the
change of synchronization state.

1. Introduction

Recently, many researchers have shown their interests in
chaotic systems [1]-[3]. In particular, chaos synchronization
has attracted many researchers’ attentions and their mecha-
nism has been gradually made clear. This is because, chaotic
systems observing chaos synchronization are good models to
explain and describe the higher dimensional nonlinear phe-
nomena in the field of natural science. Chaotic behavior has
been observed in various fields of research. Hence, chaos has
been investigated not only in engineering but also in various
fields such as biology, sociology and economics. In the field
of electrical and electronic engineering, many researchers has
proposed many applications using chaos such as chaos com-
munications, chaos cryptosystem and chaos neural networks.
In order to realize chaotic engineering systems, it is important
to understand simple coupled chaos-generating circuits.

In our previous study, a simple chaotic oscillator composed
of two RC circuits were proposed [4]. When we changed the
parameter, we could observe not only periodic attractor but
also chaotic attractor in this simple oscillator. And, we in-
vestigated synchronization phenomena when two chaotic os-
cillator composed of RC circuits are coupled by one resister.
Moreover, we found the cross correlation characteristics be-
tween neighboring oscillators. In addition, we have investi-
gated synchronization phenomena when two input waves are
in-phase and anti-phase [5].

In this study, we investigate synchronization phenomena
observed in two coupled chaotic oscillators composed of RC

circuits with shifting input wave. Two chaotic oscillators are
coupled by one resistor or capacitor. We carry out computer
calculation and investigate chaotic behavior when one side’s
input wave is shifted.

2. Circuit Model

Figures 1, 2 show the circuit model in this study. Two
chaotic oscillators, which was proposed in [4], are coupled
via one resistor or capacitor. An independent rectangular
voltage sourcesVS1 andVS2 are connected of each oscilla-
tor’s two comparators.
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Figure 1:Circuit model 1.
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Figure 2:Circuit model 2.

Hence, the whole circuit consists of two rectangular volt-
age sources, four comparators, four resistors, one variable re-
sistor and four capacitors. Figure 3(a) shows the rectangular
voltage waveformVSn(t) (n = 1, 2). Eα is the amplitude of
the rectangular voltage andT is the period of the waveform.
E is the output voltage of the comparators, namely the DC
supply voltage of the operational amplifiers.
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Figure 3:Rectangular voltage waveform.

Figure 1 is circuit model which composed two chaotic os-
cillators coupled by one resistor. Normalized system equa-
tions are given as follows:
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whereVαn is a parameter corresponding toVSn (n = 1, 2), β
is parameter corresponding toT andγ is a coupling strength.
x10, x20, x30 andx40 are initial values.

Figure 2 is circuit model which composed two chaotic os-
cillators coupled by one capacitor. Normalized system equa-
tions are given as follows:

x1 =

 (x10 − 1)e−τ + 1 (x2 > Vα1)

(x10 + 1)e−τ − 1 (x2 < Vα1)

x2 =



(x20 + x40

2
+ 1

)
e−τ

+
(x20 − x40

2

)
e−γτ − 1 (x1 > Vα1)

(x20 + x40

2
− 1

)
e−τ

+
(x20 − x40

2

)
e−γτ + 1 (x1 < Vα1)

x3 =

 (x30 − 1)e−τ + 1 (x4 > Vα2)

(x30 + 1)e−τ − 1 (x4 < Vα2)

x4 =



(x20 + x40

2
+ 1

)
e−δτ

+
(x20 − x40

2

)
e−γδτ − 1 (x3 > Vα2)

(x20 + x40

2
− 1

)
e−δτ

+
(x20 − x40

2

)
e−γδτ + 1 (x3 < Vα2)

(2)

whereVαn is a parameter corresponding toVSn (n = 1, 2), β
is parameter corresponding toT andγ is a coupling strength.
x10, x20, x30 andx40 are initial values.
Because these circuit equations are linear in each region, the
rigorous solution of these circuit equations can be derived.

We carry out computer calculation, the value of the fre-
quency errorδ is fixed with 0.05% to remove synchronization
isn’t due to chaotic phenomena.

3. Simulations

First, we explain input wave. The input wave’s periodβ
is 10. The step size ofτ is 0.01. We define deviation of
two input waves as ”gap”. In this study, we investigate syn-
chronization state when the gap is changed from0 to 5. For
example, Fig. 4 shows two input waves when gap is2.50.

Second, we explain how to judge in-phase synchroniza-
tion and anti-phase synchronization. To judge in-phase syn-
chronization and anti-phase synchronization quantitatively,
we use correlation coefficient in this study. Correlation co-
efficient is described as follows:
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wherex1 andx2 are state variables andk is number of trials.
If c is near1.0, synchronization state is in-phase. In contrast,
if c is near−1.0, synchronization state is anti-phase.
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Figure 4:Two input wave (gap= 2.50).

4. Simulation Results

We show the results of the computer calculations and use
fixed parametersα = 0.06 andβ = 10.

First, we show the result of circuit model 1 when the cou-
pling strength are0.1 and1.0 and circuit model 2 when the
coupling strength is0.5.
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Figure 5:Chaotic attractor of circuit model 1 obtained from
computer calculation (γ = 0.1). (a) x1 − x2, (b) x3 −
x4, and (c)x1 − x3.

Figures 5 to 7 shows attractor and the phase difference.
Left attractors show the left oscillator (x1 − x2) and center
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Figure 6:Chaotic attractor of circuit model 1 obtained from
computer calculation (γ = 1.0). (a) x1 − x2, (b) x3 −
x4, and (c)x1 − x3.

attractors show the right oscillator (x3 − x4). Right attractors
show the phase difference between left and right oscillators
(x1 − x3).

We observe the in-phase synchronization state in Figs. 6(c)
and 7(c). These results are caused by two rectangular volt-
ages are in-phase relations. Furthermore, we can observe the
anti-phase synchronization state in Fig. 5(c) and 7(c). More-
over, we observe in-phase and anti-phase synchronization in
same parameter when two oscillators are coupled by capac-
itor. However, we can not observe in-phase and anti-phase
synchronization in same parameter when two oscillators are
coupled by resister.

Next, Fig. 8 shows the relation between ”gap” and correla-
tion coefficient between the two oscillators in Figs. 1 and 2.
In this computer simulation, we definek = 100000. And, we
calculate average of solution to derive correlation values.

We obtain correlation values is small when ”gap” is large
from Fig. 8. This result is caused by two rectangular volt-
ages are gradually anti-phase relations. Moreover, it becomes
synchronization state when the value of coupling strength is
large. And, we obtain when the value of coupling strength
is small, we observe anti-phase synchronization. There is
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Figure 7:Chaotic attractor of circuit model 2 obtained from
computer calculation (γ = 0.5). (a) x1 − x2, (b) x3 −
x4, and (c)x1 − x3.

clearly a difference when one comparesγ = 0.1 andγ = 1.0
in Fig. 8(a). In Fig 8(a), whenγ is large, we observe in-
phase synchronization. However, we can not observe anti-
phase synchronization whenγ is large. By contrast, when
γ is small, we observe anti-phase synchronization. However,
we can not observe in-phase synchronization whenγ is small.
From these results, we find it is impossible to observe chang-
ing into in-phase synchronization to anti-phase synchroniza-
tion or into anti-phase synchronization to in-phase synchro-
nization by shifting input wave when two chaotic oscillators
are coupled resistor. Furthermore, all locus are similar.

Figure 8(b) is almost similar result to Fig. 8(a) without
γ = 0.5. We observe in-phase and anti-phase synchroniza-
tion whenγ = 0.5.

5. Conclusion
In this study, we have investigated synchronization phe-

nomena observed in two coupled chaotic oscillators com-
posed with shifting input wave. Two chaotic oscillators were
coupled by resistor or capacitor. We carried out computer cal-
culation to investigate. We could observe in-phase and anti-
phase synchronization by using correlation coefficient. When
two chaotic oscillators were coupled by resistor, we could not

(a) Circuit model 1.

(b) Circuit model 2.

Figure 8:Relation between ”gap” and correlation values.

observed in-phase and anti-phase synchronization in the same
parameter. When two chaotic oscillators were coupled by ca-
pacitor, we observed in-phase and anti-phase synchronization
in the same parameter.

In our future works, we investigate to change input square
wave into other wave as sin wave and saw wave.
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