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Abstract

In this study, synchronization phenomena observed from two
inductively coupled simultaneous oscillators are reported.
Since inductively coupled oscillators can exhibit both in-
phase and anti-phase synchronizations, the circuit generate
various synchronization patterns. Computer simulations con-
firm that 9 different synchronization patterns appear in the
circuits.

1. Introduction

In 1954, Schaffner reported that an oscillator with two de-
grees of freedom could oscillate simultaneously at two dif-
ferent frequencies when the nonlinear characteristics are de-
scribed by a fifth-power polynomial function [1]. Kuramitsu
investigated the simultaneous oscillations for three or more
degrees case theoretically and confirmed the generation of
triple mode oscillation by circuit experiments [2]. Simul-
taneous oscillations are definitely one of the most common
nonlinear phenomena observed in various higher-dimensional
systems in the natural fields. However, after their pioneering
works, as far as the authors know, there have not been many
researches clarifying the basic mechanism of the simultane-
ous oscillations except [3][4].

On the other hand, studies on coupled oscillators become
more and more popular not only in the field of physics but
also in the engineering and the biological fields. For exam-
ple, synchronization of complex networks is one of the hot
topics in the engineering field, because the outcome could be
used to develop better schemes attaining synchronization of
communication networks [5]-[8]. In the biological field, neu-
ronal oscillations are said to play a role in a variety of brain
operations [9]-[11].

In our previous study, we reported some synchronization
phenomena observed from two resistively coupled simulta-
neous oscillators [12]. However, because resistively coupled

oscillators exhibit in-phase synchronization only, the variety
of synchronization patterns were poor. In this study, we in-
vestigate synchronization phenomena observed from two in-
ductively coupled simultaneous oscillators. Since inductively
coupled oscillators can exhibit both in-phase and anti-phase
synchronizations [13], we expect the generation of various
synchronization patterns. Computer simulations confirm that
9 different synchronization patterns, including the state where
all oscillations stops, appear in the circuits.

2. Circuit model

The circuit model is shown in Fig.1.
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Figure 1:Circuit diagram.

In the circuit, two simultaneous oscillators are coupled by
an inductorLC and each simultaneous oscillator consists of
a nonlinear negative resistor, whosev − i characteristics are
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described by a fifth-power polynomial function as

iR(v) = g1v − g3v
3 + g5v

5 (g1, g3, g5 > 0) (1)

and two resonators with different natural frequenciesω1 =
1/
√

L1C1 andω2 = 1/
√

L2C2.

The equations governing the coupled oscillators are de-
scribed by the following eighth-order differential equations
including two nonlinear functionsiR1 andiR2.





C1
dv11

dt
= −i11 − iR1 − iC

L1
di11
dt

= v11

C2
dv12

dt
= −i12 − iR1 − iC

L2
di12
dt

= v12

C1
dv21

dt
= −i21 − iR2 + iC

L1
di21
dt

= v21

C2
dv22

dt
= −i22 − iR2 + iC

L2
di22
dt

= v22

(2)

whereiC is the current through the coupling inductor and is
given as

iC =
L1(i11 − i21) + L2(i12 − i22)

LC
(3)

and the currents through the nonlinear resistorsiR1 andiR2

are given as

{
iR1 = iR(v11 + v12)

iR2 = iR(v21 + v22)
. (4)

By using the following variables and parameters,

vmn = 4

√
g1

5g5
xmn, imn = 4

√
g1

5g5

√
C1

L1
ymn,

αC =
C1

C2
, αL =

L1

L2
, γ =

L1

LC
,

ε = g1

√
L1

C1
, β =

3g3

g1

√
g1

5g5
, t =

√
L1C1 τ,

(5)

the normalized circuit equations are given as follows.





dx11

dτ
= −y11 − f(x11 + x12)− yC

dy11

dτ
= x11

dx12

dτ
= αC{−y12 − f(x11 + x12)− yC}

dy12

dτ
= x12

dx21

dτ
= −y21 − f(x21 + x22) + yC

dy21

dτ
= x21

dx22

dτ
= αC{−y22 − f(x21 + x22) + yC}

dy22

dτ
= x22

(6)

whereyC corresponds toiC and is given as

yC = γ

(
y11 − y21 +

y12 − y22

αL

)
(7)

and the nonlinear functionf(·) which corresponds to thev−i
characteristics of the nonlinear resistors is given as

f(x) = ε

(
x− β

3
x3 +

1
5

x5

)
. (8)

3. Synchronization Phenomena

Figure2 shows computer simulated results. The coupled
oscillators exhibit various synchronization patterns for differ-
ent initial conditions. We can see from Fig.2(b) thatx11 and
x21 are synchronized at in-phase whilex12 andx22 are syn-
chronized at anti-phase. We also found that the oscillation
frequency of the pairx11 andx21 is different from that of the
other pairx12 andx22.

We tried to give different sets of initial conditions to the
circuit in order to confirm the generation of all possible com-
binations of synchronization patterns. Figure3 shows the ob-
served 9 different synchronization patterns. The upper figures
show the synchronization states between the upper resonators
while the lower figures show the synchronization states be-
tween the lower resonators. So, for example, Fig.3(a) shows
the generation of the state where the upper resonators are in-
phase and the lower resonators are also in-phase. While, for
the case of Fig.3(c), the uppers are in-phase but the lowers
are anti-phase. In Figs.3(e) and (f), the lower resonators stop
their oscillations, while the uppers stop in Figs.3(g) and (h).
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Figure 2:Computer simulated results.αC = 1.0, αL =
√

2,
γ = 0.01, ε = 0.1 andβ = 3.14. (a) Lissajous figures of
four resonators. Horizontalxmn and verticalymn. (b) Time
waveforms ofxmn.

Finally, in the case of Fig.3(i), all the resonators stop os-
cillating. Please note that the upper pair and the lower pair
oscillate asynchronously in Figs.3(a)-(d).

The result is encouraging because our next target is the in-
vestigation of the synchronization patterns when the num-
ber of resonators increases. We expect the generation of
much larger number of synchronization patterns, if all pos-
sible combinations appear even for the case of larger number
of resonators. However, we should notice the fact that the os-
cillation amplitudes of the resonators become smaller when
the asynchronous oscillations appear. This may means that
the simultaneous oscillations of many resonators are not easy
to be synchronized. The detailed investigation of such cases
will be reported elsewhere.

4. Conclusions

In this study, we have investigated the generation of syn-
chronization phenomena observed from two inductively cou-
pled simultaneous oscillators. By computer simulations we
have confirmed that 9 different synchronization patterns ap-
peared in the circuits.

Our future research topics include theoretical analysis and
circuit experiments, and the investigation for the cases of
more than two resonators in each oscillator and more than
three coupled oscillators.
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horizontalx11 and verticaly21. Lower figures: horizontalx12 and verticaly22.
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