
Mehanisms of Disappearane between Two Phase-Inversion Waves and Re�etion of TwoPhase-Inversion Waves at a Corner on 2D Lattie OsillatorsSeiko Kunihiroy, Hitoshi Aburataniy, Suguru Yamaney, Masayuki Yamauhiy and Yoshifumi NishiozyDepartment of Eletronis and Computer Engineering,Hiroshima Institute of Tehnology2-1-1, Miyake, Saeki-ku, Hiroshima , JapanEmail: seiko.kunihiro�gmail.om zIntelligent Networks and Computer Sienes,Department of Eletrial and Eletroni Engineering,Tokushima UniversityAbstratWe observe and analyze synhronization phenomena on ou-pled osillators system. We disovered the phase-inversionwave, whih phenomena of hanging phase states betweentwo adjaent osillators from in-phase synhronization toanti-phase synhronization or from anti-phase synhroniza-tion to in-phase synhronization. The phase-inversion wavebehaviors observed propagation, penetration, re�etion, anddisappearane. This paper lari�es disappearanemehanismbetween two phase-inversion waves, and re�etion meha-nism when two phase-inversion waves arrive at a orner on alattie of oupled osillators system at same time.1. IntrodutionA lot of synhronization phenomena an be observed andstudied in various �elds[1℄-[2℄. For example, the laser is high-intensity ray bundle, the synhronization of �re�ies, and soon. In our previous study, we observed and analyzed syn-hronization phenomena between adjaent osillators on ou-pled osillators system as a ladder and a lattie[3℄-[5℄. Wedisovered the phase-inversion wave, whih phenomena ofhanging phase states between two adjaent osillators fromin-phase synhronization to anti-phase synhronization orfrom anti-phase synhronization to in-phase synhronization.We analyzed propagation mehanism of the phase-inversionwave, and re�etionmehanism between two phase-inversionwaves.In this paper, we larify disappearanemehanism betweentwo phase-inversion waves, and re�etion mehanism whentwo phase-inversion waves arrive at a orner at same timeusing instantaneous frequeny of eah osillators and phasedi�erenes between adjaent osillators on the lattie system.2. Ciruit modelA lot of van der Pol osillators are oupled by indutors L0as a lattie(see Fig. 1). The number of olumn and the num-ber of row of this system are assumed as �M+1� and �N +1�respetively. We name eah osillator OSC(k,l). A voltageof eah osillator is named v(k;l), and a urrent of indutor ofeah osillator is named i(k;l)(see Fig. 1). The iruit equa-tions of this iruit model are normalized by Eq. (1), and thenormalized iruit equations are shown as Eqs. (2)�(6).i(k;l) = q Cg13Lg3 x(k;l); v(k;l) = q g13g3 y(k;l);t = pLC�; dd� = � � �; � = LL0 ; " = g1q LC : (1)

[Corner�top℄ (left:(a; b)=(0; 1). right:(a; b)=(N;N � 1).)dx(0;a)d� = y(0;a); (2)dy(0;a)d� = �x(0;a) + �(x(0;b) + x(1;a) � 2x(0;a))+ "(y(0;a) � 13y3(0;a)):[Corner�bottom℄ (left:(a; b)=(0; 1). right:(a; b)=(N;N � 1).)dx(M;a)d� = y(M;a); (3)dy(M;a)d� = �x(M;a) + �(x(M�1;a) + x(M;b)� 2x(M;a)) + "(y(M;a) � 13y3(M;a)):[Center℄ (0 < k < M. 0 < l < N.)dx(k;l)d� = y(k;l); (4)dy(k;l)d� = �x(k;l) + �(x(k+1;l) + x(k�1;l) + x(k;l+1) + x(k;l�1)� 4x(k;l)) + "(y(k;l) � 13y3(k;l)):[Edge℄(top:(a; b)=(0; 1).bottom:(a; b)=(M;M� 1).both:0< l <N.)dx(a;l)d� = y(a;l); (5)dy(a;l)d� = �x(a;l) + �(x(a;l�1) + x(a;l+1) + x(b;l) � 3x(a;l))+ "(y(a;l) � 13y3(a;l)):(left:(a; b)=(0; 1). right:(a; b)=(N;N � 1). both:0<k<M.)dx(k;a)d� = y(k;a); (6)dy(k;a)d� = �x(k;a) + �(x(k�1;a) + x(k+1;a) + x(k;b) � 3x(k;a))+ "(y(k;a) � 13y3(k;a)):The � orresponds to the oupling parameter. The " orre-sponds to the nonlinearity of eah osillator. This systemis simulated by the fourth order Runge-Kutta method usingEqs. (2)-(6). The phase-inversion waves are shown in Fig. 2.Figure 2�A expresses attrator of eah osillators. Figure 2�B expresses itinerany of phase di�erene sum of voltages ofadjaent osillators is shown along the time.
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Figure 2: The phase-inversion waves on 20x20 osilla-tors(A:an attrator of eah osillator(urrent vs. voltage),B:a sum of voltages of adjaent osillators(sum of voltagevs. time)).3. Attrating foreAttrating fores to in-phase or anti-phase synhroniza-tion are investigated on one parameter-set where the phase-inversion waves an be observed(see Fig. 3). An equation ofthe instantaneous frequeny of OSC(k, l) is obtained as fol-lows. The instantaneous frequeny is named f(k;l)(a) where�a� expresses the number of times of the peak value of thevoltage. Time of a peak value of the voltage of OSC(k, l)is assumed as �(k;l)(a)(see Fig. 4). Similarly, �(k+1;l)(a) and�(k;l+1)(a) are deided. The f(k;l)(a) is obtained by Eq. (7).f(k;l)(a) = 1�(k;l)(a) � �(k;l)(a � 1) : (7)The phase di�erene is alulated as follows. A phase dif-ferene between OSC(k, l) and OSC(k + 1, l) and a phasedi�erene between OSC(k, l) and OSC(k, l + 1) are ob-tained. The phase di�erenes are assumed as �(k;l)(k+1;l)(a)and �(k;l)(k;l+1)(a) respetively(see Fig. 4). The �(k;l)(k+1;l)(a)and �(k;l)(k;l+1)(a) are obtained by Eq. (8).�(k;l)(k+1;l)(a) = �(k;l)(a) � �(k+1;l)(a)�(k;l)(a) � �(k;l)(a � 1) � 360; [degree℄�(k;l)(k;l+1)(a) = �(k;l)(a) � �(k;l+1)(a)�(k;l)(a) � �(k;l)(a � 1) � 360: [degree℄: (8)Attrating fores are observed as follows:1. The phase di�erenes between all adjaent osillatorsare �xed to arbitrary values as initial value in this lat-tie system.2. The phase di�erene between OSC(1,4) and OSC(1,5)after one yle from the initial value is analyzed hang-ing the initial phase di�erene.A vertial axis of Fig. 3 expresses a variation of phase dif-ferene per one yle. An upper diretion shows attratingfore to anti-phase. A lower diretion shows attrating foreto in-phase. A horizontal axis shows initial phase di�erenes.Therefore, the length of line shows a strength of attrating
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aa-1 a+1Figure 4: The detetion method of frequenies and the phasedi�erenes.fores at eah initial phase di�erene. Attrating fore to in-phase is the strongest when the initial phase di�erene is -40degrees. Attrating fore to anti-phase is the strongest whenthe initial phase di�erene is -130 degrees.4. Behavior of phase-inversion wavesWe an observe some behaviors of phase-inversion waveson above systems. These behaviors are a propagation, are�etion at an edge, a re�etion between phase-inversionwaves, a penetration, a re�etion at a orner, distintion anda disappearane. Moreover, these behaviors an be lassi-�ed by frequenies, beause three frequenies are observedin steady states. The synhronizations for vertial diretionand for horizontal diretion needs to be onsidered, beausethis system is 2 dimensional array. Therefore, three type syn-hronizations are observed as follows:1. OSC(k, l)�OSC(k, l+1), OSC(k, l)�OSC(k, l�1), OSC(k,l)�OSC(k + 1, l), and OSC(k, l)�OSC(k � 1, l): in-phasesynhronization.2. f(OSC(k, l)�OSC(k, l + 1) and OSC(k, l)�OSC(k, l � 1):in-phase synhronization. OSC(k, l)�OSC(k + 1, l), andOSC(k, l)�OSC(k�1, l): anti-phase synhronization.g orfOSC(k, l)�OSC(k, l + 1), and OSC(k, l)�OSC(k, l � 1):anti-phase synhronization. OSC(k, l)�OSC(k + 1, l),and OSC(k, l)�OSC(k+1, l): in-phase synhronization.g3. OSC(k, l)�OSC(k, l+1), OSC(k, l)�OSC(k, l�1), OSC(k,l)�OSC(k+1, l), and OSC(k, l)�OSC(k+1, l): anti-phasesynhronization.In this paper, we all the 1st type synhronization �in-and-in-phase synhronization.� The 2nd type synhronizationis alled �in-and-anti-phase synhronization.� The 3rd typesynhronization is alled �anti-and-anti-phase synhroniza-tion.� An eah instantaneous frequeny f(k;l) of OSC(k, l) isobtained in eah synhronization type. In the 1st situationalsynhronization, f(k;l) is fin�in. In the 2nd situational synhro-nization, f(k;l) is fin�anti. In the 3rd situational synhroniza-
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Table 1: Charateristis of the phase-inversion waves.Names of behaviors Itineranies of instan-taneous frequenies PhenomenaPropagations fin�in , fin�anti,&fin�anti , fanti�anti The phase-inversion waves propagate to vertial diretion or horizontal diretion. The vertialphase-inversion waves move from the horizontal phase-inversion waves independently.Penetrations fin�in , fanti�anti Two phase-inversion waves arrives at an osillator from vertial diretion and horizontal di-retion, and eah phase-inversion wave penetrates eah other.Re�etions at an edge fin�in , fin�anti,&fin�anti , fanti�anti When a phase-inversion wave arrives at an edge, the phase-inversion wave re�ets and propa-gates to where they ame from. Sometime this phenomenon is happened with penetration.Re�etions at a orner fin�in , middle offin�anti and fanti�anti When two phase-inversion waves oming from the vertial diretion and the horizontal di-retion arrive at a orner osillator at the same time, the phase-inversion waves re�et andpropagate to where they ame from.Re�etions between twophase-inversion waves fin�in , fin�anti,&fin�anti , fanti�anti When two phase-inversion waves oming from the opposite diretions arrive to two adjaentosillator at same time, the phase-inversion waves re�et and propagate to where they amefrom.Disappearane fin�in , fanti�anti When two phase-inversion waves oming from the opposite diretions arrive to one osillatorat same time, the phase-inversion waves disappear.
Figure 5: Disappearane of the phase-inversion waves on11x11 osillators.tion, f(k;l) is fanti�anti. These behaviors are shown in Table 1.5. MehanismWe analyze the re�etion at a orner and the disappearane.The phase-inversion wave shows in Fig. 2 and Fig. 5. Themehanisms are made lear using instantaneous frequeny ofeah osillator and phase di�erene between adjaent osil-lators. The oupling parameter is �xed as � = 0:01, and non-linearity is �xed as " = 0:05.5.1. Re�etion mehanism at a ornerWe observe the re�etion between two phase-inversionwaves whih are arrives at a orner osillator at the same timefrom the vertial diretion and the horizontal diretion. Amehanism of re�etion at a orner is shown in Tab. 2 andFig. 6. In Fig. 6(a), the vertial axis is instantaneous frequen-ies, and horizontal axis is time. In Fig. 6(b),the vertial axisis the phase di�erenes, and the horizontal axis is the time.5.2. Disappearane mehanismWe an observe the disappearane. A mehanism of dis-appearane is shown in Tab. 3 and Fig. 7. In Fig. 7(a), thevertial axis is instantaneous frequenies, and horizontal axisis time. In Fig. 7(b), the vertial axis is the phase di�erenes,and the horizontal axis is the time.6. ConlusionWe observed and analyzed re�etion mehanism whentwo phase-inversion waves arrive at a orner on a lattie
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Table 2: Re�etion mehanism of two phase-inversion waves at a orner(see Fig. 6).no. vertial diretion horizontal diretion0 Now the phase state between adjaent osillators of the vertial dire-tion is the in-phase synhronization. The phase-inversion waves, whihhange from in-phase synhronization to anti-phase synhronization,are arrived at OSC(2,0) from OSC(5,0). Now the phase state between adjaent osillators of the horizontal dire-tion is the in-phase synhronization. The phase-inversion waves, whihhange from in-phase synhronization to anti-phase synhronization,are arrived at OSC(0,2) from OSC(0,5).1 �(1;0)(2;0) starts to inrease toward 180 degrees from 0 degree, beausef(2;0) starts to inrease from fin�in toward fin�anti. �(0;1)(0;2) starts to inrease toward 180 degrees from 0 degree, beausef(0;2) starts to inrease from fin�in toward fin�anti.2 f(1;0) starts to inrease from fin�in toward fin�anti, beause �(1;0)(2;0)starts to inrease toward 180 degrees from 0 degree. f(0;1) starts to inrease from fin�in toward fin�anti, beause �(0;1)(0;2)starts to inrease toward 180 degrees from 0 degree.3 �(0;0)(1;0) starts to inrease toward 180 degrees from 0 degree, beausef(1;0) starts to inrease from fin�in toward fin�anti. �(0;0)(0;1) starts to inrease toward 180 degrees from 0 degree, beausef(0;1) starts to inrease from fin�in toward fin�anti.4 f(1;0) arrives around fin�anti, beause �(1;0)(2;0) arrives around 180 de-grees. f(1;0) starts to inrease from fin�anti toward fanti�anti. f(0;1) arrives around fin�anti, beause �(0;1)(0;2) arrives around 180 de-grees. f(0;1) starts to inrease from fin�anti toward fanti�anti.5 f(0;0) arrives around fin�anti, beause �(0;0)(1;0) and �(0;0)(0;1) arrive around 180 degrees at the same time. �(0;0)(1;0) and �(0;0)(0;1) start to inreasetoward 360 degrees from 180 degrees. The orner osillator an not stable at anti-phase synhronization. Therefore, f(0;0) arrives around middleof fin�in and fanti�anti. f(1;0), f(2;0), f(0;1), and f(0;2) arrive around middle of fin�anti and fanti�anti. Therefore, f(0;0) starts to derease toward fin�inagain. f(1;0), f(2;0), f(0;1), and f(0;2) start to derease toward fin�anti again.6 �(1;0)(2;0) starts to inrease toward 360 degrees from 180 degrees. �(0;1)(0;2) starts to inrease toward 360 degrees from 180 degrees.7 f(0;0) arrives around fin�in.Two phase-inversion waves re�et at a orner by this mehanism.Table 3: Disappearane mehanism(see Fig. 7).no. upper side lower side0 Now the phase state between adjaent osillators of the horizontal diretion is the in-phase synhronization. In vertial diretion, the phase-inversion waves, whih hange from anti-phase synhronization to in-phase synhronization, are arrived at OSC(3,0) and OSC(7,0).1 f(4;0) starts to derease from fin�anti toward fin�in, beause �(3;0)(4;0)starts to inrease toward 0 degree from -180 degrees. f(6;0) starts to derease from fin�anti toward fin�in, beause �(6;0)(7;0)starts to derease toward 0 degree from 180 degrees.2 �(4;0)(5;0) starts to inrease toward 360 degrees from 180 degrees, be-ause f(4;0) starts to derease from fin�anti toward fin�in. �(5;0)(6;0) starts to derease toward -360 degrees from -180 degrees, be-ause f(6;0) starts to derease from fin�anti toward fin�in.3 f(5;0) starts to derease from fin�anti toward fin�in, beause �(4;0)(5;0) and �(5;0)(6;0) start to hange toward plus/minus 360 degrees fromplus/minus 180 degrees.4 �(3;0)(4;0) arrives around 0 degree, beause f(3;0) arrives around fin�in.The attrating fore an not exist around 180 degrees. Therefore, 180degrees is easy to stable. �(6;0)(7;0) arrives around 0 degree, beause f(7;0) arrives around fin�in.The attrating fore an not exist around 180 degrees. Therefore, 180degrees is easy to stable.5 f(4;0) arrives around fin�in, beause �(3;0)(4;0) arrives around 0 degree. f(6;0) arrives around fin�in, beause �(6;0)(7;0) arrives around 0 degree.6 �(4;0)(5;0) arrives around 360 degrees, beause f(4;0) arrives aroundfin�in. The attrating fore an not exist around 0 degree. Therefore,0 degree is easy to stable. �(5;0)(6;0) arrives around -360 degrees, beause f(6;0) arrives aroundfin�in. The attrating fore an not exist around 0 degree. Therefore,0 degree is easy to stable.7 f(5;0) arrives around fin�in, beause �(4;0)(5;0) and �(5;0)(6;0) arrives around plus/minus 360 degrees.8 Eah frequeny �xes fin�in, the phase di�erenes �x in-phase synhronization.Two phase-inversion waves disappear by above mehanism.of oupled osillators systems. Furthermore, we observedand analyzed disappearane mehanism between two phase-inversion waves. These mehanisms are made lear using in-stantaneous frequeny of eah osillator and phase di�erenebetween adjaent osillators.AknowledgementsThis researh is supported by the Grants-in-Aid for YoungSienti� Researh (B) (No. 19760270) from the Japan Soi-ety for the Promotion of Siene.Referenes[1℄ R. E. Mirollo and S. H. Strogatz �Synhronization ofPulse-Coupled Biologial Osillators,� SIAM Journal onApplied Mathematis, vol. 50, no. 6, pp. 1645-1662, De.1990.[2℄ L. L. Bonilla, C. J. Pérez Viente and R. Spigler, �Time-
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