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tWe observe and analyze syn
hronization phenomena on 
ou-pled os
illators system. We dis
overed the phase-inversionwave, whi
h phenomena of 
hanging phase states betweentwo adja
ent os
illators from in-phase syn
hronization toanti-phase syn
hronization or from anti-phase syn
hroniza-tion to in-phase syn
hronization. The phase-inversion wavebehaviors observed propagation, penetration, re�e
tion, anddisappearan
e. This paper 
lari�es disappearan
eme
hanismbetween two phase-inversion waves, and re�e
tion me
ha-nism when two phase-inversion waves arrive at a 
orner on alatti
e of 
oupled os
illators system at same time.1. Introdu
tionA lot of syn
hronization phenomena 
an be observed andstudied in various �elds[1℄-[2℄. For example, the laser is high-intensity ray bundle, the syn
hronization of �re�ies, and soon. In our previous study, we observed and analyzed syn-
hronization phenomena between adja
ent os
illators on 
ou-pled os
illators system as a ladder and a latti
e[3℄-[5℄. Wedis
overed the phase-inversion wave, whi
h phenomena of
hanging phase states between two adja
ent os
illators fromin-phase syn
hronization to anti-phase syn
hronization orfrom anti-phase syn
hronization to in-phase syn
hronization.We analyzed propagation me
hanism of the phase-inversionwave, and re�e
tionme
hanism between two phase-inversionwaves.In this paper, we 
larify disappearan
eme
hanism betweentwo phase-inversion waves, and re�e
tion me
hanism whentwo phase-inversion waves arrive at a 
orner at same timeusing instantaneous frequen
y of ea
h os
illators and phasedi�eren
es between adja
ent os
illators on the latti
e system.2. Cir
uit modelA lot of van der Pol os
illators are 
oupled by indu
tors L0as a latti
e(see Fig. 1). The number of 
olumn and the num-ber of row of this system are assumed as �M+1� and �N +1�respe
tively. We name ea
h os
illator OSC(k,l). A voltageof ea
h os
illator is named v(k;l), and a 
urrent of indu
tor ofea
h os
illator is named i(k;l)(see Fig. 1). The 
ir
uit equa-tions of this 
ir
uit model are normalized by Eq. (1), and thenormalized 
ir
uit equations are shown as Eqs. (2)�(6).i(k;l) = q Cg13Lg3 x(k;l); v(k;l) = q g13g3 y(k;l);t = pLC�; dd� = � � �; � = LL0 ; " = g1q LC : (1)

[Corner�top℄ (left:(a; b)=(0; 1). right:(a; b)=(N;N � 1).)dx(0;a)d� = y(0;a); (2)dy(0;a)d� = �x(0;a) + �(x(0;b) + x(1;a) � 2x(0;a))+ "(y(0;a) � 13y3(0;a)):[Corner�bottom℄ (left:(a; b)=(0; 1). right:(a; b)=(N;N � 1).)dx(M;a)d� = y(M;a); (3)dy(M;a)d� = �x(M;a) + �(x(M�1;a) + x(M;b)� 2x(M;a)) + "(y(M;a) � 13y3(M;a)):[Center℄ (0 < k < M. 0 < l < N.)dx(k;l)d� = y(k;l); (4)dy(k;l)d� = �x(k;l) + �(x(k+1;l) + x(k�1;l) + x(k;l+1) + x(k;l�1)� 4x(k;l)) + "(y(k;l) � 13y3(k;l)):[Edge℄(top:(a; b)=(0; 1).bottom:(a; b)=(M;M� 1).both:0< l <N.)dx(a;l)d� = y(a;l); (5)dy(a;l)d� = �x(a;l) + �(x(a;l�1) + x(a;l+1) + x(b;l) � 3x(a;l))+ "(y(a;l) � 13y3(a;l)):(left:(a; b)=(0; 1). right:(a; b)=(N;N � 1). both:0<k<M.)dx(k;a)d� = y(k;a); (6)dy(k;a)d� = �x(k;a) + �(x(k�1;a) + x(k+1;a) + x(k;b) � 3x(k;a))+ "(y(k;a) � 13y3(k;a)):The � 
orresponds to the 
oupling parameter. The " 
orre-sponds to the nonlinearity of ea
h os
illator. This systemis simulated by the fourth order Runge-Kutta method usingEqs. (2)-(6). The phase-inversion waves are shown in Fig. 2.Figure 2�A expresses attra
tor of ea
h os
illators. Figure 2�B expresses itineran
y of phase di�eren
e sum of voltages ofadja
ent os
illators is shown along the time.
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Figure 2: The phase-inversion waves on 20x20 os
illa-tors(A:an attra
tor of ea
h os
illator(
urrent vs. voltage),B:a sum of voltages of adja
ent os
illators(sum of voltagevs. time)).3. Attra
ting for
eAttra
ting for
es to in-phase or anti-phase syn
hroniza-tion are investigated on one parameter-set where the phase-inversion waves 
an be observed(see Fig. 3). An equation ofthe instantaneous frequen
y of OSC(k, l) is obtained as fol-lows. The instantaneous frequen
y is named f(k;l)(a) where�a� expresses the number of times of the peak value of thevoltage. Time of a peak value of the voltage of OSC(k, l)is assumed as �(k;l)(a)(see Fig. 4). Similarly, �(k+1;l)(a) and�(k;l+1)(a) are de
ided. The f(k;l)(a) is obtained by Eq. (7).f(k;l)(a) = 1�(k;l)(a) � �(k;l)(a � 1) : (7)The phase di�eren
e is 
al
ulated as follows. A phase dif-feren
e between OSC(k, l) and OSC(k + 1, l) and a phasedi�eren
e between OSC(k, l) and OSC(k, l + 1) are ob-tained. The phase di�eren
es are assumed as �(k;l)(k+1;l)(a)and �(k;l)(k;l+1)(a) respe
tively(see Fig. 4). The �(k;l)(k+1;l)(a)and �(k;l)(k;l+1)(a) are obtained by Eq. (8).�(k;l)(k+1;l)(a) = �(k;l)(a) � �(k+1;l)(a)�(k;l)(a) � �(k;l)(a � 1) � 360; [degree℄�(k;l)(k;l+1)(a) = �(k;l)(a) � �(k;l+1)(a)�(k;l)(a) � �(k;l)(a � 1) � 360: [degree℄: (8)Attra
ting for
es are observed as follows:1. The phase di�eren
es between all adja
ent os
illatorsare �xed to arbitrary values as initial value in this lat-ti
e system.2. The phase di�eren
e between OSC(1,4) and OSC(1,5)after one 
y
le from the initial value is analyzed 
hang-ing the initial phase di�eren
e.A verti
al axis of Fig. 3 expresses a variation of phase dif-feren
e per one 
y
le. An upper dire
tion shows attra
tingfor
e to anti-phase. A lower dire
tion shows attra
ting for
eto in-phase. A horizontal axis shows initial phase di�eren
es.Therefore, the length of line shows a strength of attra
ting
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tion method of frequen
ies and the phasedi�eren
es.for
es at ea
h initial phase di�eren
e. Attra
ting for
e to in-phase is the strongest when the initial phase di�eren
e is -40degrees. Attra
ting for
e to anti-phase is the strongest whenthe initial phase di�eren
e is -130 degrees.4. Behavior of phase-inversion wavesWe 
an observe some behaviors of phase-inversion waveson above systems. These behaviors are a propagation, are�e
tion at an edge, a re�e
tion between phase-inversionwaves, a penetration, a re�e
tion at a 
orner, distin
tion anda disappearan
e. Moreover, these behaviors 
an be 
lassi-�ed by frequen
ies, be
ause three frequen
ies are observedin steady states. The syn
hronizations for verti
al dire
tionand for horizontal dire
tion needs to be 
onsidered, be
ausethis system is 2 dimensional array. Therefore, three type syn-
hronizations are observed as follows:1. OSC(k, l)�OSC(k, l+1), OSC(k, l)�OSC(k, l�1), OSC(k,l)�OSC(k + 1, l), and OSC(k, l)�OSC(k � 1, l): in-phasesyn
hronization.2. f(OSC(k, l)�OSC(k, l + 1) and OSC(k, l)�OSC(k, l � 1):in-phase syn
hronization. OSC(k, l)�OSC(k + 1, l), andOSC(k, l)�OSC(k�1, l): anti-phase syn
hronization.g orfOSC(k, l)�OSC(k, l + 1), and OSC(k, l)�OSC(k, l � 1):anti-phase syn
hronization. OSC(k, l)�OSC(k + 1, l),and OSC(k, l)�OSC(k+1, l): in-phase syn
hronization.g3. OSC(k, l)�OSC(k, l+1), OSC(k, l)�OSC(k, l�1), OSC(k,l)�OSC(k+1, l), and OSC(k, l)�OSC(k+1, l): anti-phasesyn
hronization.In this paper, we 
all the 1st type syn
hronization �in-and-in-phase syn
hronization.� The 2nd type syn
hronizationis 
alled �in-and-anti-phase syn
hronization.� The 3rd typesyn
hronization is 
alled �anti-and-anti-phase syn
hroniza-tion.� An ea
h instantaneous frequen
y f(k;l) of OSC(k, l) isobtained in ea
h syn
hronization type. In the 1st situationalsyn
hronization, f(k;l) is fin�in. In the 2nd situational syn
hro-nization, f(k;l) is fin�anti. In the 3rd situational syn
hroniza-
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Table 1: Chara
teristi
s of the phase-inversion waves.Names of behaviors Itineran
ies of instan-taneous frequen
ies PhenomenaPropagations fin�in , fin�anti,&fin�anti , fanti�anti The phase-inversion waves propagate to verti
al dire
tion or horizontal dire
tion. The verti
alphase-inversion waves move from the horizontal phase-inversion waves independently.Penetrations fin�in , fanti�anti Two phase-inversion waves arrives at an os
illator from verti
al dire
tion and horizontal di-re
tion, and ea
h phase-inversion wave penetrates ea
h other.Re�e
tions at an edge fin�in , fin�anti,&fin�anti , fanti�anti When a phase-inversion wave arrives at an edge, the phase-inversion wave re�e
ts and propa-gates to where they 
ame from. Sometime this phenomenon is happened with penetration.Re�e
tions at a 
orner fin�in , middle offin�anti and fanti�anti When two phase-inversion waves 
oming from the verti
al dire
tion and the horizontal di-re
tion arrive at a 
orner os
illator at the same time, the phase-inversion waves re�e
t andpropagate to where they 
ame from.Re�e
tions between twophase-inversion waves fin�in , fin�anti,&fin�anti , fanti�anti When two phase-inversion waves 
oming from the opposite dire
tions arrive to two adja
entos
illator at same time, the phase-inversion waves re�e
t and propagate to where they 
amefrom.Disappearan
e fin�in , fanti�anti When two phase-inversion waves 
oming from the opposite dire
tions arrive to one os
illatorat same time, the phase-inversion waves disappear.
Figure 5: Disappearan
e of the phase-inversion waves on11x11 os
illators.tion, f(k;l) is fanti�anti. These behaviors are shown in Table 1.5. Me
hanismWe analyze the re�e
tion at a 
orner and the disappearan
e.The phase-inversion wave shows in Fig. 2 and Fig. 5. Theme
hanisms are made 
lear using instantaneous frequen
y ofea
h os
illator and phase di�eren
e between adja
ent os
il-lators. The 
oupling parameter is �xed as � = 0:01, and non-linearity is �xed as " = 0:05.5.1. Re�e
tion me
hanism at a 
ornerWe observe the re�e
tion between two phase-inversionwaves whi
h are arrives at a 
orner os
illator at the same timefrom the verti
al dire
tion and the horizontal dire
tion. Ame
hanism of re�e
tion at a 
orner is shown in Tab. 2 andFig. 6. In Fig. 6(a), the verti
al axis is instantaneous frequen-
ies, and horizontal axis is time. In Fig. 6(b),the verti
al axisis the phase di�eren
es, and the horizontal axis is the time.5.2. Disappearan
e me
hanismWe 
an observe the disappearan
e. A me
hanism of dis-appearan
e is shown in Tab. 3 and Fig. 7. In Fig. 7(a), theverti
al axis is instantaneous frequen
ies, and horizontal axisis time. In Fig. 7(b), the verti
al axis is the phase di�eren
es,and the horizontal axis is the time.6. Con
lusionWe observed and analyzed re�e
tion me
hanism whentwo phase-inversion waves arrive at a 
orner on a latti
e
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orner of two phase-inversion waves.
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Table 2: Re�e
tion me
hanism of two phase-inversion waves at a 
orner(see Fig. 6).no. verti
al dire
tion horizontal dire
tion0 Now the phase state between adja
ent os
illators of the verti
al dire
-tion is the in-phase syn
hronization. The phase-inversion waves, whi
h
hange from in-phase syn
hronization to anti-phase syn
hronization,are arrived at OSC(2,0) from OSC(5,0). Now the phase state between adja
ent os
illators of the horizontal dire
-tion is the in-phase syn
hronization. The phase-inversion waves, whi
h
hange from in-phase syn
hronization to anti-phase syn
hronization,are arrived at OSC(0,2) from OSC(0,5).1 �(1;0)(2;0) starts to in
rease toward 180 degrees from 0 degree, be
ausef(2;0) starts to in
rease from fin�in toward fin�anti. �(0;1)(0;2) starts to in
rease toward 180 degrees from 0 degree, be
ausef(0;2) starts to in
rease from fin�in toward fin�anti.2 f(1;0) starts to in
rease from fin�in toward fin�anti, be
ause �(1;0)(2;0)starts to in
rease toward 180 degrees from 0 degree. f(0;1) starts to in
rease from fin�in toward fin�anti, be
ause �(0;1)(0;2)starts to in
rease toward 180 degrees from 0 degree.3 �(0;0)(1;0) starts to in
rease toward 180 degrees from 0 degree, be
ausef(1;0) starts to in
rease from fin�in toward fin�anti. �(0;0)(0;1) starts to in
rease toward 180 degrees from 0 degree, be
ausef(0;1) starts to in
rease from fin�in toward fin�anti.4 f(1;0) arrives around fin�anti, be
ause �(1;0)(2;0) arrives around 180 de-grees. f(1;0) starts to in
rease from fin�anti toward fanti�anti. f(0;1) arrives around fin�anti, be
ause �(0;1)(0;2) arrives around 180 de-grees. f(0;1) starts to in
rease from fin�anti toward fanti�anti.5 f(0;0) arrives around fin�anti, be
ause �(0;0)(1;0) and �(0;0)(0;1) arrive around 180 degrees at the same time. �(0;0)(1;0) and �(0;0)(0;1) start to in
reasetoward 360 degrees from 180 degrees. The 
orner os
illator 
an not stable at anti-phase syn
hronization. Therefore, f(0;0) arrives around middleof fin�in and fanti�anti. f(1;0), f(2;0), f(0;1), and f(0;2) arrive around middle of fin�anti and fanti�anti. Therefore, f(0;0) starts to de
rease toward fin�inagain. f(1;0), f(2;0), f(0;1), and f(0;2) start to de
rease toward fin�anti again.6 �(1;0)(2;0) starts to in
rease toward 360 degrees from 180 degrees. �(0;1)(0;2) starts to in
rease toward 360 degrees from 180 degrees.7 f(0;0) arrives around fin�in.Two phase-inversion waves re�e
t at a 
orner by this me
hanism.Table 3: Disappearan
e me
hanism(see Fig. 7).no. upper side lower side0 Now the phase state between adja
ent os
illators of the horizontal dire
tion is the in-phase syn
hronization. In verti
al dire
tion, the phase-inversion waves, whi
h 
hange from anti-phase syn
hronization to in-phase syn
hronization, are arrived at OSC(3,0) and OSC(7,0).1 f(4;0) starts to de
rease from fin�anti toward fin�in, be
ause �(3;0)(4;0)starts to in
rease toward 0 degree from -180 degrees. f(6;0) starts to de
rease from fin�anti toward fin�in, be
ause �(6;0)(7;0)starts to de
rease toward 0 degree from 180 degrees.2 �(4;0)(5;0) starts to in
rease toward 360 degrees from 180 degrees, be-
ause f(4;0) starts to de
rease from fin�anti toward fin�in. �(5;0)(6;0) starts to de
rease toward -360 degrees from -180 degrees, be-
ause f(6;0) starts to de
rease from fin�anti toward fin�in.3 f(5;0) starts to de
rease from fin�anti toward fin�in, be
ause �(4;0)(5;0) and �(5;0)(6;0) start to 
hange toward plus/minus 360 degrees fromplus/minus 180 degrees.4 �(3;0)(4;0) arrives around 0 degree, be
ause f(3;0) arrives around fin�in.The attra
ting for
e 
an not exist around 180 degrees. Therefore, 180degrees is easy to stable. �(6;0)(7;0) arrives around 0 degree, be
ause f(7;0) arrives around fin�in.The attra
ting for
e 
an not exist around 180 degrees. Therefore, 180degrees is easy to stable.5 f(4;0) arrives around fin�in, be
ause �(3;0)(4;0) arrives around 0 degree. f(6;0) arrives around fin�in, be
ause �(6;0)(7;0) arrives around 0 degree.6 �(4;0)(5;0) arrives around 360 degrees, be
ause f(4;0) arrives aroundfin�in. The attra
ting for
e 
an not exist around 0 degree. Therefore,0 degree is easy to stable. �(5;0)(6;0) arrives around -360 degrees, be
ause f(6;0) arrives aroundfin�in. The attra
ting for
e 
an not exist around 0 degree. Therefore,0 degree is easy to stable.7 f(5;0) arrives around fin�in, be
ause �(4;0)(5;0) and �(5;0)(6;0) arrives around plus/minus 360 degrees.8 Ea
h frequen
y �xes fin�in, the phase di�eren
es �x in-phase syn
hronization.Two phase-inversion waves disappear by above me
hanism.of 
oupled os
illators systems. Furthermore, we observedand analyzed disappearan
e me
hanism between two phase-inversion waves. These me
hanisms are made 
lear using in-stantaneous frequen
y of ea
h os
illator and phase di�eren
ebetween adja
ent os
illators.A
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