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Abstract

We observe and analyze synchronization phenomena on cou-
pled oscillators system. We discovered the phase-inversion
wave, which phenomena of changing phase states between
two adjacent oscillators from in-phase synchronization to
anti-phase synchronization or from anti-phase synchroniza-
tion to in-phase synchronization. The phase-inversion wave
behaviors observed propagation, penetration, reflection, and
disappearance. This paper clarifies disappearance mechanism
between two phase-inversion waves, and reflection mecha-
nism when two phase-inversion waves arrive at a corner on a
lattice of coupled oscillators system at same time.

1. Introduction
A lot of synchronization phenomena can be observed and

studied in various fields[ 1 ]-[2]. For example, the laser is high-
intensity ray bundle, the synchronization of fireflies, and so
on. In our previous study, we observed and analyzed syn-
chronization phenomena between adjacent oscillators on cou-
pled oscillators system as a ladder and a lattice[3]-[5]. We
discovered the phase-inversion wave, which phenomena of
changing phase states between two adjacent oscillators from
in-phase synchronization to anti-phase synchronization or
from anti-phase synchronization to in-phase synchronization.
We analyzed propagation mechanism of the phase-inversion
wave, and reflection mechanism between two phase-inversion
waves.

In this paper, we clarify disappearance mechanism between
two phase-inversion waves, and reflection mechanism when
two phase-inversion waves arrive at a corner at same time
using instantaneous frequency of each oscillators and phase
differences between adjacent oscillators on the lattice system.

2. Circuit model
A lot of van der Pol oscillators are coupled by inductors Ly

as a lattice(see Fig. 1). The number of column and the num-
ber of row of this system are assumed as “M + 1" and “N + 1”
respectively. We name each oscillator OSC(k,l). A voltage
of each oscillator is named v, and a current of inductor of
each oscillator is named iy j(see Fig. 1). The circuit equa-
tions of this circuit model are normalized by Eq. (1), and the
normalized circuit equations are shown as Egs. (2)—(6).
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The @ corresponds to the coupling parameter. The & corre-
sponds to the nonlinearity of each oscillator. This system
is simulated by the fourth order Runge-Kutta method using
Egs. (2)-(6). The phase-inversion waves are shown in Fig. 2.
Figure 2—A expresses attractor of each oscillators. Figure 2—
B expresses itinerancy of phase difference sum of voltages of
adjacent oscillators is shown along the time.
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Figure 1: Circuit Model.
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Figure 2: The phase-inversion waves on 20x20 oscilla-
tors(A:an attractor of each oscillator(current vs. voltage),
B:a sum of voltages of adjacent oscillators(sum of voltage
vs. time)).

3. Attracting force

Attracting forces to in-phase or anti-phase synchroniza-
tion are investigated on one parameter-set where the phase-
inversion waves can be observed(see Fig. 3). An equation of
the instantaneous frequency of OSC(k, [) is obtained as fol-
lows. The instantaneous frequency is named fi;(a) where
“a” expresses the number of times of the peak value of the
voltage. Time of a peak value of the voltage of OSC(k, [)
is assumed as 7 (a)(see Fig. 4). Similarly, 1.1, (a) and
T(k,1+1)(a) are decided. The fi (a) is obtained by Eq. (7).

1

Jan(a) Ten(@) = Tapla—1)° @
The phase difference is calculated as follows. A phase dif-
ference between OSC(k, [) and OSC(k + 1, [) and a phase
difference between OSC(k, [) and OSC(k, [ + 1) are ob-
tained. The phase differences are assumed as @ jyx+1,n(a)
and @ yk.i+1)(a) respectively(see Fig. 4). The @ yk+1.n(a)
and O jyk.1+1)(a) are obtained by Eq. (8).

T (@) = Taa1.(@)

Tan(@) — Tap(a—1)
Tan(@) = Ty (@)

Twn(@) = Tapla—1)
Attracting forces are observed as follows:

D pur1.n(@) = x 360, [degree]

®)

O rn(@) = x 360. [degree].

1. The phase differences between all adjacent oscillators
are fixed to arbitrary values as initial value in this lat-
tice system.

. The phase difference between OSC(1,4) and OSC(1,5)
after one cycle from the initial value is analyzed chang-
ing the initial phase difference.

A vertical axis of Fig. 3 expresses a variation of phase dif-
ference per one cycle. An upper direction shows attracting
force to anti-phase. A lower direction shows attracting force
to in-phase. A horizontal axis shows initial phase differences.
Therefore, the length of line shows a strength of attracting
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Figure 3: Attracting forces.
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Figure 4: The detection method of frequencies and the phase
differences.

forces at each initial phase difference. Attracting force to in-
phase is the strongest when the initial phase difference is -40
degrees. Attracting force to anti-phase is the strongest when
the initial phase difference is -130 degrees.

4. Behavior of phase-inversion waves

We can observe some behaviors of phase-inversion waves
on above systems. These behaviors are a propagation, a
reflection at an edge, a reflection between phase-inversion
waves, a penetration, a reflection at a corner, distinction and
a disappearance. Moreover, these behaviors can be classi-
fied by frequencies, because three frequencies are observed
in steady states. The synchronizations for vertical direction
and for horizontal direction needs to be considered, because
this system is 2 dimensional array. Therefore, three type syn-
chronizations are observed as follows:

1. OSC(k, [)-OSC(k, I+1), OSC(k, )-OSC(k, I-1), OSC(k,
-OSC(k + 1, ), and OSC(k, )-OSC(k — 1, [): in-phase
synchronization.

{(OSC(k, I)-OSC(k, I + 1) and OSC(k, )—OSC(k, [ - 1):
in-phase synchronization. OSC(k, [)-OSC(k + 1, ), and
OSC(k, )-OSC(k—1, I): anti-phase synchronization.} or
{OSC(k, )-OSC(k, [ + 1), and OSC(k, [)-OSC(k, [ — 1):
anti-phase synchronization. OSC(k, [)-OSC(k + 1, 1),
and OSC(k, [)-OSC(k + 1, [): in-phase synchronization.}
. OSC(k, h-OSC(k, I+1), OSC(k, )—OSC(k, [-1), OSC(k,
1)-OSC(k+1,1), and OSC(k, [)-OSC(k+1, I): anti-phase
synchronization.
In this paper, we call the 1st type synchronization “in-and-
in-phase synchronization.” The 2nd type synchronization
is called “in-and-anti-phase synchronization.” The 3rd type
synchronization is called “anti-and-anti-phase synchroniza-
tion.” An each instantaneous frequency f of OSC(k, [) is
obtained in each synchronization type. In the Ist situational
synchronization, fi iS fin—in. In the 2nd situational synchro-
nization, fin 1S fin—ani. In the 3rd situational synchroniza-
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Table 1: Characteristics of the phase-inversion waves.

. Itinerancies of instan-
Names of behaviors X
taneous frequencies

Phenomena

ﬁ'nfin < fin—amis
Propagations
ﬁ'n—ami < fami—ami

The phase-inversion waves propagate to vertical direction or horizontal direction. The vertical
phase-inversion waves move from the horizontal phase-inversion waves independently.

Penetrations Sin—in © Santi-ani

Two phase-inversion waves arrives at an oscillator from vertical direction and horizontal di-
rection, and each phase-inversion wave penetrates each other.

ﬁ'nfin < fin—amis

When a phase-inversion wave arrives at an edge, the phase-inversion wave reflects and propa-

Reflections at a corner Sin—andi and fanti—anii

Reflections at an edge & gates to where they came from. Sometime this phenomenon is happened with penetration.
ﬁ'n—ami < fami—ami
Jfin—in & middle of | When two phase-inversion waves coming from the vertical direction and the horizontal di-

rection arrive at a corner oscillator at the same time, the phase-inversion waves reflect and

propagate to where they came from.

Sin—in © Sfin—anii
. mn—in m—antis
Reflections between two

phase-inversion waves

Sin-anii € fanti-anti from.

When two phase-inversion waves coming from the opposite directions arrive to two adjacent
oscillator at same time, the phase-inversion waves reflect and propagate to where they came

Disappearance Sin-in & Janti-anii

When two phase-inversion waves coming from the opposite directions arrive to one oscillator
at same time, the phase-inversion waves disappear.
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Figure 5: Disappearance of the phase-inversion waves on
11x11 oscillators.

tion, fis 1S fani-ami- These behaviors are shown in Table 1.

5. Mechanism
We analyze the reflection at a corner and the disappearance.

The phase-inversion wave shows in Fig. 2 and Fig. 5. The
mechanisms are made clear using instantaneous frequency of
each oscillator and phase difference between adjacent oscil-
lators. The coupling parameter is fixed as @ = 0.01, and non-
linearity is fixed as € = 0.05.
5.1. Reflection mechanism at a corner

We observe the reflection between two phase-inversion
waves which are arrives at a corner oscillator at the same time
from the vertical direction and the horizontal direction. A
mechanism of reflection at a corner is shown in Tab. 2 and
Fig. 6. In Fig. 6(a), the vertical axis is instantaneous frequen-
cies, and horizontal axis is time. In Fig. 6(b),the vertical axis
is the phase differences, and the horizontal axis is the time.
5.2. Disappearance mechanism

We can observe the disappearance. A mechanism of dis-
appearance is shown in Tab. 3 and Fig. 7. In Fig. 7(a), the
vertical axis is instantaneous frequencies, and horizontal axis
is time. In Fig. 7(b), the vertical axis is the phase differences,
and the horizontal axis is the time.

6. Conclusion
We observed and analyzed reflection mechanism when

two phase-inversion waves arrive at a corner on a lattice
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Figure 6: Transitions of phase difference and frequencies by
reflection at a corner of two phase-inversion waves.
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Figure 7: Transitions of phase difference and frequencies by
disappearance between two phase-inversion wave.
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Table 2: Reflection mechanism of two phase-inversion waves at a corner(see Fig. 6).

no. | vertical direction horizontal direction

0 Now the phase state between adjacent oscillators of the vertical direc- | Now the phase state between adjacent oscillators of the horizontal direc-
tion is the in-phase synchronization. The phase-inversion waves, which | tion is the in-phase synchronization. The phase-inversion waves, which
change from in-phase synchronization to anti-phase synchronization, | change from in-phase synchronization to anti-phase synchronization,
are arrived at OSC(2,0) from OSC(5,0). are arrived at OSC(0,2) from OSC(0,5).

1 D(1,0)2,0) starts to increase toward 180 degrees from 0 degree, because | (g 1), Starts to increase toward 180 degrees from 0 degree, because
Jio.0) starts to increase from f,—, toward fiu—anii- Ji0.2) starts to increase from fi,—i, toward fip—ansi-

2 fa,0) starts to increase from fi;—in toward fin—ani» because @1 0)20) | fo.1) starts to increase from fi, i toward fin—ani, because ®o.1)02)
starts to increase toward 180 degrees from 0 degree. starts to increase toward 180 degrees from 0 degree.

3 D0,0)(1,0) starts to increase toward 180 degrees from O degree, because | (g ),1) starts to increase toward 180 degrees from 0 degree, because
J(1,0) starts to increase from fi;—in toward fin—anii-. Jfio.1) starts to increase from f, i, toward fin—anyi-

4 Ja,0) arrives around fi;—ani, because @1 0y2,0) arrives around 180 de- | fio,1) arrives around fin—ani, because @ 1y(0,2) arrives around 180 de-
grees. f1,0) starts to increase from fi—anii toward fansi—anti- grees. f(o,1) starts to increase from fin—ani toward fani—ansi-

5 fi0,0) arrives around fin—anyi, because O g)(1,0) and D 0)(0,1) arrive around 180 degrees at the same time. d(q,0y(1,0) and (,0y(0,1) start to increase
toward 360 degrees from 180 degrees. The corner oscillator can not stable at anti-phase synchronization. Therefore, f(o o) arrives around middle
of fin—in and fansi—anii- f11,0)» f2.0)» fi0.1), and fio2) arrive around middle of fiy—ani and fansi—ani- Therefore, fio o) starts to decrease toward fi;_in
again. f(1,0), f(2,0).f(0,1), and f(o2) start to decrease toward fin—ansi again.

6 D(1,0)2,0) starts to increase toward 360 degrees from 180 degrees. | D(0,1y(0,2) starts to increase toward 360 degrees from 180 degrees.

7 fi0,0) arrives around fin—in.

Two phase-inversion waves reflect at a corner by this mechanism.

Table 3: Disappearance mechanism(see Fig. 7).

no. | upper side | lower side

0 Now the phase state between adjacent oscillators of the horizontal direction is the in-phase synchronization. In vertical direction, the phase-
inversion waves, which change from anti-phase synchronization to in-phase synchronization, are arrived at OSC(3,0) and OSC(7,0).

1 fia0) starts to decrease from fiani toward fi,—in, because ®a0y4,0) | S0y Starts to decrease from fiy—ani toward fi—in, because @s0y7,0)
starts to increase toward 0 degree from -180 degrees. starts to decrease toward O degree from 180 degrees.

2 D4,0)(5,0) starts to increase toward 360 degrees from 180 degrees, be- | ®D(5),0) starts to decrease toward -360 degrees from -180 degrees, be-
cause f4) starts to decrease from fi,—apni toward fiy—in. cause f(c,0) starts to decrease from fiy—ansi toward fiy—in.

3 f5,0) starts to decrease from fi;—gni toward fi—in, because @ )50y and D5 0ye,0) start to change toward plus/minus 360 degrees from
plus/minus 180 degrees.

4 D(3,0)4,0) arrives around 0 degree, because f(30) arrives around fin—in. | P60)7,0) arrives around 0 degree, because f(7,) arrives around fin—in.
The attracting force can not exist around 180 degrees. Therefore, 180 | The attracting force can not exist around 180 degrees. Therefore, 180
degrees is easy to stable. degrees is easy to stable.

5 fa0) arrives around fi,—in, because O3 0y4,0) arrives around 0 degree. fi6,0) arrives around fin—in, because O )7,0) arrives around 0 degree.

6 D050y arrives around 360 degrees, because f4,0) arrives around | @504,y arrives around -360 degrees, because f(s ) arrives around
Jfin—in- The attracting force can not exist around 0 degree. Therefore, | fi,—in. The attracting force can not exist around 0 degree. Therefore,
0 degree is easy to stable. 0 degree is easy to stable.

7 fi5.0) arrives around fi,—n, because ®4,0)(5,0y and D5 0)(,0) arrives around plus/minus 360 degrees.

8 Each frequency fixes fi,—in, the phase differences fix in-phase synchronization.

Two phase-inversion waves disappear by above mechanism.

of coupled oscillators systems. Furthermore, we observed
and analyzed disappearance mechanism between two phase-
inversion waves. These mechanisms are made clear using in-
stantaneous frequency of each oscillator and phase difference
between adjacent oscillators.
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