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Abstract

An oscillator including a chaotic system is an impor-
tant device and one of essential component in the natural
world to solve a mechanism of a nonlinear dynamics of
network. In this study, a simple chaotic circuit with three
states of both chaotic oscillation and limit cycles which is
named multi-state chaotic circuit is proposed. Synchro-
nization phenomena and complex behavior on a network
system of the multi-state chaotic circuits coupled by induc-
tors are investigated. Several interesting chaotic phenom-
ena of spatio-temporal behavior have been observed in the
coupled network system.

1. Introduction

In recent years, dynamical network system such as
small-world, scale-free and other types is attracted many
researchers’ attention from the view point of complex sys-
tems and several engineering applications. It is also impor-
tant for solving the process of mechanisms in social and
biological systems. We consider that it is a good model
for realization of the real systems to make a coupled net-
work with nonlinear oscillators. Therefore, an oscillator
including a chaotic system is an important device and one
of essential component in the natural world. Nonlinear
dynamics on coupled oscillators is considerable interest-
ing for a wide variety of systems in several scientific fields
and some engineering applications, especially in stochas-
tic models. Thought, many types of coupled circuit sys-
tems have been widely studied in order to clarify inher-
ent features and many researchers have already proposed
and investigated mechanism of them. The dynamics of
spatio-temporal phenomena or phase synchronization on
several coupled systems is still considerable interest from
the viewpoint of both natural scientific fields and several
applications. They have been confirmed in several cou-
pled chaotic systems [1]–[3]. Phase synchronization and
pattern dynamics are also interesting for several engineer-
ing applications. On the other hand, many types of chaotic
systems and circuits have already been proposed and in-
vestigated in detail. As interesting phenomena, there are
famous chaotic attractors such a double-scroll family [4],
n-double scroll [5]–[7] and scroll grid attractors [8]. If

the active elements including in the systems have complex-
ity constructed by compound some nonlinear elements, it
can be easily considered that they yield several interest-
ing features. In our previous studies, the circuit which
can individually behave both chaotic or periodic oscilla-
tions in the same parameters had been investigated [9]-[13].
This type of circuit was called a multi-state chaotic circuit
(abbr. MSCC). Multimode oscillations in coupled two or
more multi-state chaotic circuits had been shown [10] on
real circuit. A complicated and interesting phenomena of
phase synchronization had also been investigated [11]-[13].
It is known that complex behavior can be confirmed such
chaotic itinerancy and spatio-temporal chaos on the large
scale coupled networks.

In this study, several synchronization phenomena and
complex behavior on coupled network system of multi-
state chaotic circuits are investigated. This paper shows
several phase synchronization phenomena of multi-state
chaotic oscillators coupled by some inductors as a sim-
ple network. Each oscillator circuit can individually be-
have both limit cycles and chaos in the same parameters.
This proposed circuit can behave three steady states of both
chaotic and two different size of limit cycles when an ap-
propriate initial conditions are supplied. We consider a
coupled chaotic network system which each chaotic oscil-
lator is connected to neighbors by inductors. In numerical
simulation, many types of phase synchronization modes are
asynchronously confirmed in the proposed systems, further
all parameters are the same. This means several phase syn-
chronization modes are coexisting in the same parameters.
Several interesting chaotic phenomena of spatio-temporal
behavior have been observed in the coupled network sys-
tem.

2. Model description of an MSCC

An MSCC is a basic circuit as a subcomponent of a
coupled network model. The designed circuit is shown in
Fig. 1. In this study, we substitute a symmetrical continu-
ous piecewise linear resistor for the negative active resistor
including in the original chaotic circuit. The piecewise lin-
ear resistor can be easily constructed by combining some
components in parallel [9][10]. By changing the following
variables and parameters as follows
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Figure 1: A multi-state chaotic circuit with piecewise lin-
ear resistorsNR andv− i characteristic of the diodeD.

Figure 2: Design for sawtooth nonlinear resistorNR in the
circuit.

iL1 =

√
C
L1

Vd x , iL2 =

√
C
L1

Vd y ,

v = Vd z , t =
√

L1C τ , “ · ” =
d
dτ

,

β =
L1

L2
, γ = g

√
L1

C
, δ = rs

√
C
L1

(1)

whereg is a linear negative conductance value ofNR if we
consider the negative resistor as an ideal element. Con-
sider that the part of negative resistanceNR in Fig. 1 re-
places to the functionh(z) represented by a voltage source
z as canonical form with 9-segments as shown in Fig. 2.
When we chose the threshold voltageVd for a normalized
parameter, then the circuit equations can be normalized and
rewritten as follows.



ẋ = z

ẏ = β
(
z− f (y)

)

ż = −(x + y) − h(z)

(2)

f (y) =
1
2

{
|δy + 1| − |δy− 1|

}
(3)

h(z)=m0γ
∗z+

γ∗

2


K∑

k=0

(mk−mk+1) {|z−pk+1|−|z+pk+1|}

(4)

where f (y) is a function of the currenty andh(z) is a func-
tion of the voltagez, respectively. The functionh(z) which
is designed for several segment piecewise linear as sym-
metric with respect to the origin. The parameterγ∗ is used
for a basic common value, hence the valuesmk(k = 0, 1, 2,
· · ·, K) mean magnitude of the slope to the ratio forγ∗.

Figure 3: Attractor drawing onto thez− x plane for the
parametersβ = 10.0, γ∗ = 0.78 andδ = 100. h(z): {p1,
p2, p3, p4}={0.65, 0.55, 0.40, 0.30}, {m0, m1, m2, m3, m4}
= {-1.0, 2.0, -1.0, 1.0, -0.15}.

Figure 4: A coupled network model which each circuit is
connected to four neighbors.

Figure 3 also shows a typical chaotic attractor obtained
for the parametersβ = 10.0, γ∗ = 0.78, δ = 100, with
piecewise linear characteristics realized by breakpointsp1

= 0.65,p2 = 0.55,p3 = 0.40,p4 = 0.30, slopesm0 = −1.0,
m1 = 2.0, m2 = −1.0, m3 = 1.0 andm4 = −0.15. We can
confirm that chaotic and two periodic attractors coexist in
the circuit. This means coexistence of both chaos and two
different size of limit cycles in the same parameters.

3. Simulation for coupled MSCCs on a network model

In this section, the model of coupled MSCCs by induc-
tors are investigated. For example of a coupled network,
now let us consider the coupled MSCCs model which com-
bined number ofN × M chaotic circuits are connected by
inductorsL0 to neighbors’ circuit as a network structure
shown in Fig. 4. The circuit index is defined as (i, j). It
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is note that every chaotic circuit is composed by all the
same parameters and connected to four neighbors circuits.
The circuit on the edge of this coupled network is con-
nected to an opposite side circuit, it seems like a distribu-
tion on surface of the torus structure. By the similar way
described before, the circuit equations of coupled MSCCs
can be normalized by the variables (1) with a new parame-
ter α = L1/L0. Therefore, the whole circuit equations can
be rewritten as follows.



ẋ(i, j) = z(i, j)

ẏ(i, j) = β
(
z(i, j) − f (y(i, j))

)

ż(i, j) = α


∑

Φ

xΦ − 4x(i, j)


−(x(i, j) + y(i, j)) − h(z(i, j))

(5)

where functionsf (y) and h(z) are similar to (3) and (4),
respectively.Φ means a set of four neighbors tox(i, j).

We show some computer calculation results by using
4-th order Runge–Kutta method with time step size∆t =

0.001 for the circuit equations in some cases of (N,M) as
follows. The parameters of each circuit are the same in the
Sec. 2. The initial conditions of each circuit are supplied
at random. If the case (N,M) = (2,2), this coupled sys-
tem is corresponding to the case of a ring structure in [12].
We show some computer simulation results for some cases.
Figure 5 shows some typical results obtained from com-
puter simulation in some cases of coupled number (N,M).
The left part of the figure shows attractors of the circuit,
and the right part indicates synchronization state between
two circuits. We can confirm complex and chaotic syn-
chronization phenomena on the coupled system. Further
we can several types of complex and interesting synchro-
nization phenomena in the same parameters, i.e., in-phase
synchronization, anti-phase synchronization, clustering of
phase synchronization, phase locking and other types. Sev-
eral phase synchronization modes are coexisting in spite of
the same parameters.

4. Conclusions

In this study, we have investigated several synchroniza-
tion modes in coupled multi-state chaotic oscillator cir-
cuits. Coexistence of several types oscillation modes have
been confirmed in coupled MSCCs by inductors as a cou-
pled network systems. Several interesting chaotic phe-
nomena of spatio-temporal behavior have been observed in
the coupled network system. On a large scale of coupled
chaotic oscillators such a small-world and a scale-free net-
work, we consider that several types of complex behavior
are expected to yield novel applications and inherent emer-
gent properties in the natural systems.
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Figure 5: Simulation results obtained from coupled MSCCs forα = 0.10,β = 10.0,γ∗ = 0.78,δ = 100. h(z): {p1, p2, p3,
p4}={0.65, 0.55, 0.40, 0.30}, {m0, m1, m2, m3, m4} = {-1.0, 2.0, -1.0, 1.0, -0.15}. Size (N,M) of the network: (a) (2,2), (b)
(2,3), (c) (2,4), (d) (3,3), (e) (3,4), (f) (4,4), and (g) (4,5) with waveform of each oscillator.
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