
Synchronization Phenomena in van der Pol Oscillators

Coupled by Fifth-Power Nonlinear Resistor

Yoko Uwate† and Yoshifumi Nishio†

† Dept. of Electrical and Electronic Engineering,
Tokushima University, 2-1 Minami-Josanjima, Tokushima, Japan

Email: {uwate, nishio}@ee.tokushima-u.ac.jp

Abstract— In this study, synchronization phenom-
ena observed in van der Pol oscillators coupled by a
fifth-power nonlinear resistor are investigated. By car-
rying out computer simulations, interesting synchro-
nization phenomena can be confirmed to be generated
in this system. Namely, the synchronization states
change according to the coupling strength and non-
linearity of the coupling resistor.

1. Introduction

Synchronization phenomena in complex systems are
very interesting to describe various higher-dimensional
nonlinear phenomena in the field of natural science.
Studies on synchronization phenomena of coupled os-
cillators are extensively carried out in various fields,
physics [1]-[4], biology [5], [6] engineering [7]-[12] and
so on. Because many researchers suggest that synchro-
nization phenomena of coupled oscillators have some
relations to information processing in the brain. We
consider that it is very important to investigate the
synchronization phenomena of coupled oscillators to
realize a brain computer for the future engineering ap-
plication.

On the other hand, there are some systems whose
dissipation factors vary with time, for example, un-
der the time-variation of the ambient temperature, an
equation describing an object moving in a space with
some friction and an equation governing a circuit with
a resistor whose temperature coefficient is sensitive
such as thermistor. However, there are few discussions
about coupled oscillators coupling by a time-varying
resistor.

In our previous research, we have investigated syn-
chronization phenomena in van der Pol oscillators cou-
pled by a time-varying resistor. We realized the time-
varying resistor by switching a positive and a negative
resistors periodically. By changing the duty ratio p, we
confirmed that the characteristics of the synchroniza-
tion phenomena changed as follows. First, for smaller
p, the two coupled oscillators are synchronized only
in anti-phase. Second, for intermediate p, the coexis-
tence of the in-phase and the anti-phase synchroniza-

tions can be observed. Finally, for larger p, only the
in-phase synchronization can be confirmed.

Coexistence of attractors in coupled oscillatory sys-
tems is important for modeling of information process-
ing mechanisms of the brain and applying them to
novel parallel information processing systems. Gen-
erally, in two oscillators coupled by a resistor, only
one synchronization state becomes stable even if plu-
ral states exist. In this study, two van der Pol os-
cillators coupled by a fifth-power nonlinear resistor
are investigated. By carrying out computer calcula-
tions, interesting synchronization phenomena can be
confirmed to be generated in this system. First, the
coexistence of in-phase and anti-phase synchronization
are observed. Next, we investigate the influence of the
coupling strength and nonlinearity of the van der Pol
oscillator.

2. Circuit Model

Figure 1 shows the circuit model. In this circuit, two
identical van der Pol oscillators are coupled by a fifth-
power nonlinear resistor. Synchronization phenomena
for the case that the coupling resistor is a simple re-
sistor have been investigated in [7],[8]. Namely, the
in-phase synchronization is stable for a negative cou-
pling resistor, while the anti-phase synchronization is
stable for a positive coupling resistor.
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Figure 1: Circuit model.

In this study, we consider the fifth-power nonlinear
resistor as coupling resistor. The characteristics of the
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fifth-power nonlinear resistor is defined as follows,

vR = g1(I1 + I2)− g3(I1 + I2)3 + g5(I1 + I2)5. (1)

Next, the vk - iRk characteristics of the third-power
nonlinear resistor are defined as following equation.

iRk = −g1vk + g3v
3
k (2)

By changing the variables and parameters,
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the normalized circuit equations are given as




dxk

dτ
= −yk + ε(xk − βζx3

k)

dzk

dτ
= xk − α{(y1 + y2)− β(y1 + y2)3 + (y1 + y2)5}

(k = 1, 2)
(4)

where α is the coupling factor and ε is the strength
nonlinearity.

3. Synchronization Phenomena

3.1. In-Phase and Anti-Phase Synchronization

We observed that the two coupled oscillators are
synchronized in in-phase and anti-phase as shown in
Figs. 2 and 3. These two synchronization states can
be obtained by giving different initial conditions. The
parameters of the van der Pol oscillator are fixed as
ε = 0.4, α = 0.002, β = 4.0, ζ = 4.0.
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Figure 2: In-phase synchronization. (a) 1st circuit attractor
(x1 vs y1). (b) 2st circuit attractor (x2 vs y2). (c) Phase differ-
ence (x1 vs x2). (d) Time wave form (τ vs x1 and x2). ε = 0.4,
α = 0.002, β = 4.0 and ζ = 4.0.

Figure 4 shows the one parameter diagram of the
phase difference. We can confirm the coexistence of
in-phase and anti-phase synchronization around for
5.0 < β < 10.0. Furthermore, we investigate the
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Figure 3: Anti-phase synchronization. (a) 1st circuit attractor
(x1 vs y1). (b) 2st circuit attractor (x2 vs y2). (c) Phase differ-
ence (x1 vs x2). (d) Time wave form (τ vs x1 and x2). ε = 0.4,
α = 0.002, β = 4.0 and ζ = 4.0.

phase difference when the two parameters β and ζ are
changed. This simulated results are shown in Fig. 5.
In this figure, the black color means the in-phase state
and the yellow color means the anti-phase state. We
can also observe the anti-phase state in these param-
eter area. Namely, the in-phase state area means the
coexistence area. The coexistence area can be con-
firmed when β are large values and ζ are small values.
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Figure 4: Phase difference for ε = 0.4, α = 0.002 and ζ = 5.0.

3.2. Synchronization in dependence on ε

We investigate how the coexistence area depends on
nonlinearity ε of the van der Pol oscillator. The anti-
phase state is confirmed everywhere in these parameter
area. So, the in-phase state area is corresponding to
the coexistence area.

The computer simulation when ε is fixed to 1.2 and
2.0 are shown in Fig. 6 (a), (b). The horizontal axis is
β, the vertical axis is ζ and the black and yellow color
denotes the the in-phase and the anti-phase states be-
tween the two coupled oscillators. In the case of weak
nonlinearity ε = 1.2, the in-phase state area can be
occurred in ζ < 5.0 (Fig. 6 (a)). On the other hand,
the case of ε = 2.0, the in-phase state area is observed
in ζ < 7.0 (Fig. 6 (b)). Figure 7 shows the area ra-
tio of in-phase state when the nonlinear parameter ε
is changed. From this figure, we confirm that the in-
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(a) 3D plot.
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(b) 2D plot.

Figure 5: Phase difference for ε = 0.4 and α = 0.002.
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(a) ε = 1.2.
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(b) ε = 2.0.

Figure 6: Phase difference for α = 0.002.
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Figure 7: Area ratio of in-phase by changing ε.

phase (coexistence) area becomes large when the non-
linearity ε of the van der Pol oscillator becomes large.

3.3. Synchronization in dependence on α

Next, we investigate the coexistence area depends
on the coupling strength α. The computer simula-
tion when α is fixed to 0.001 and 0.01 are shown in
Fig. 8 (a), (b). In the case of small coupling strength,
the in-phase state area can be occurred in ζ < 6.0 and
β > 6.0 (Fig. 8 (a)). On the other hand, the case of
ε = 2.0, the in-phase state area is observed in ζ < 3.0
(Fig. 8 (b)). Figure 9 shows the area ratio of in-phase
state when the parameter α is changed. From this fig-
ure, we confirm that the in-phase (coexistence) area
becomes small when the coupling strength α becomes
large.
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(a) α = 0.001.
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(b) α = 0.01.

Figure 8: Phase difference for ε = 0.4.
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Figure 9: Area ratio of in-phase by changing α.

3.4. Amplitude of van der Pol Oscillator

Finally, we investigate the amplitude of van der
Pol oscillator when the two parameters β and ζ are
changed. The simulated result is shown in Fig. 10.
We confirm that the amplitude of van der Pol oscilla-
tor becomes small when the both parameters β and ζ
increase.
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Figure 10: Amplitude of van der Pol oscillator for ε = 0.4 and
α = 0.002.

4. Conclusions

In this study, two van der Pol oscillators coupled by
a fifth-power nonlinear resistor were investigated. By
carrying out computer calculations, interesting syn-
chronization phenomena could be confirmed to be gen-
erated in this system. First, the coexistence of in-
phase and anti-phase synchronization were observed.
Furthermore, we have investigated the influence of the
coupling strength and nonlinearity of the van der Pol
oscillator.
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