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Abstract

It is very important to analyze the mixer and modulator
circuits driven by multiple inputs frequencies. Both Volterra
series and HB (harmonic balance) methods are widely used
for the frequency-domain analysis of nonlinear circuits. We
compared the errors of the above two methods using illus-
trative examples. In our HB method, the Fourier expansion
is executed by MATLAB in symbolic form, and it is trans-
formed into the net-list with Spice. We found that it is some-
time happened to exceed the capacities of Spice, when we
choose higher order polynomial approximations of the non-
linear devises, because the Fourier components are rapidly
increased. Hence, we propose here a new perturbation like
Fourier expansion method to the approximations.

1. Introduction

Frequency-domain analysis of nonlinear electronic circuits
driven by multiple inputs are very important for design-
ing RF circuits and communication systems. Volterra series
methods are widely used for the analysis [1-3], because they
give the solutions in analytical forms. There have been pub-
lished many papers about computer-aided HB(harmonic bal-
ance) methods [4-6] during 1990-2000 which are using DFT,
FFT and/or interpolation methods for the Fourier expan-
sion. They apply the Fourier expansions to all the nodal
equations of the circuit, so that the resultant systems be-
come usually very large. Hence, they propose to solve them
with the applications of a method like the Krylov-subspace
GMRES algorithm instead of Newton method which will re-
duce the computation time. It seems that their methods are
still time-consuming for large scale circuits.

On the other hand, the classical HB methods [7-8] can be
applied to relatively small scale circuits, which find many
interesting nonlinear phenomena such as bifurcations and
chaos phenomena. Now, we are going to apply it to elec-
tronic circuits containing transistors and diodes. These de-
vices have strong nonlinear characteristics and they are mod-
eled by special functions such as exponential in Spice. In
order to apply the HB method, their characteristics must
be approximated by the polynomial functions. In this way,
the Fourier expansions of the nonlinear devices are stored as
modules in the net-lists of Spice with MATLAB. In this case,
we have sometime happened a serious problem such that
when we apply high order polynomial approximations to the
devices, the Fourier expansion contains too many terms and

it exceeds the capacity of Spice. So, we propose here a new
perturbation like Fourier expansion method using MATLAB
which reduces the resultant terms and the size of Spice net-
list. The ideas are shown in section 2.

Using the above Fourier expansion method, nonlinear de-
vices are replaced by HB modules as follows: Firstly, bipolar
transistors and MOSFET are approximated by the Taylor
expansions in the polynomial forms. The Fourier expan-
sions can be executed by MATLAB in the symbolic forms
and they are stored as the modules of bipolar transistor in
our Spice library. Thus, it is possible to formulate the de-
termining equation of HB in the forms of net-list with Spice.
It can be easily solved by the DC analysis of Spice and the
frequency-domain solutions are easily obtained.

Using an example, we will compare the results of Volttera
series method and our HB method in section 2. In section
3, we show an interesting example of a mixer circuit.

2. Fourier expansion of nonlinear
devices

2.1 Taylor approximation of nonlinear devices In this
sub-section, we study the errors of HB method when we ap-
plied the Fourier expansion to the Taylor approximation of
an exponential function. Transistors are usually modeled by
Ebers-Moll model consisted of two diodes, whose nonlinear
characteristic (id, vd) is described by exponential function as
follows;

id = Is exp vd/VT , VT ' 0.025. (1)

Firstly, let us calculate the Fourier coefficients DC, cos ωt,
cos 2ωt, cos 3ωt of (1) driven by

vd = Vd0 + Vd cos ωt, for Vd0 = 0.5822, (2)

We also compare them with the results when we applied it
to the 3rd order Taylor approximation as follows:

id = k0 + k1vd + k2v
2
d + k3v

3
d, (3)

for Is = 10−12, VT = 0.026 in (1), which are shown in Table
1.

Table 1.
Exact Fourier coefficients and those of 3rd order Taylor expansion.

Exact solutions 3rd order Taylor series
Vd DC Fund. 2nd 3rd DC Fund. 2nd 3rd

0.02 0.0151 0.0113 0.0022 0.0003 0.0151 0.0112 0.0021 0.0003
0.05 0.0295 0.0413 0.0179 0.0055 0.0259 0.0390 0.0130 0.0043
0.07 0.0538 0.0859 0.0469 0.0191 0.0383 0.0720 0.0255 0.0119
0.10 0.1460 0.2542 0.1624 0.0870 0.0647 0.1560 0.0520 0.0347
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We can see that the errors for the small input Vd are small
enough, but they are rapidly increased for the large input.
Next, when the higher order Taylor approximations are used,
the results for the input such as Vd = 0.1 are shown together
with the exact ones in Table 2.

Table 2.Solutions of order of the Taylor expansions and the
exact solutions, for Vd = 0.1

DC Fund. 2nd 3rd
Exact 0.1459 0.2538 0.1670 0.0870

3rd order 0.0646 0.1559 0.0519 0.0347
5th order 0.1162 0.2250 0.1216 0.0696
7th order 0.1397 0.2483 0.1559 0.0832

Observe that if we apply it to 7th order Taylor approxi-
mation, the errors is again reduced to small enough. Thus,
we found that the higher order Taylor approximation of the
exponential function is needed for larger input.
2.2 Perturbation like Fourier expansion algorithm In
practical transistor circuits, the input signals are sufficient
small compared to the DC bias voltages. Let us describe it
as follows:

vin(t) = ε(V1 cos ω1t + V2 cos ω2t). (4)

Then, the diode voltages together with the DC component
Vd0 are described by

vd(t) = Vd0+

K∑
k=1

εk

[
2k∑

m=1

(Vd,k,2m−1 cos νkmt + Vd,k,2m sin νkmt)

]

(5.1)

νkm = p1,kmω1 + p2,kmω2, for integers |p1,km|, |p2,km| ≤ k
(5.2)

We take an account the following terms for the input (4);

ε order ν1m · · · ω1, omega2

ε2 order ν2m · · · 2ω1, 2ω2, ω1 + ω2, |ω1 − ω2|
ε3 order ν3m · · · 3ω1, 3ω2, 2ω1 + ω2, ω1 + 2ω2,

· · · |2ω1 − ω2|, |ω1 − 2ω2|
etc.

(6)

In this case, two cross term v1(t) × v2(t) having the forms
of (5.1) is given by

v3(t) = v1(t)× v2(t)

' V30 +

K∑
k=1

εk

[
2k∑

m=1

(V3,k,2m−1 cos νkmt + V3,k,2m sin νkmt)

]
.

(7)

If we consider all the terms lower than Kth order about ε,
they can be estimated by the combinations of the terms of
(5.1) where the higher order terms than ε(K + 1) are ne-
glected.
Thus, we call the algorithm perturbation like Fourier expan-
sion in the meaning that our method contain all the terms
less than order Kth of ε. Thus, we can reduce the number
of cross terms. Observe that if choose a larger K, we can
expect much more exact Fourier expansion.

2.3 Spice-oriented HB method We propose here a
Spice-oriented HB (harmonic balance) method combining
with MATLAB, where the determining equation is given by
the equivalent circuit and/or net-list of Spice [9]. Firstly,
we describe the nonlinear characteristics in the polynomial
forms. The schematic diagram of diode example is shown in
Fig.1, where it is driven by the two inputs

v1(t) = εV1 cos ω1t, v2(t) = εV2 cos ω2t. (8)

Firstly, it is approximated by Mth order Taylor expansion
as follow:

id = k0(Vd0) + k1(Vd0)vd + · · ·+ kM (Vd0)v
M
d (9)

with an unknown operating point Vd0. Now, we rewrite (9)
into the following Horner’s scheme

id1(vd) = KM−1(Vd0) + KM (Vd0)vd

id2(vd) = kM−2(Vd0) + id1(vd)vd

..........................................
idM (vd) = k0(Vd0) + idM−1(vd)vd





, (10)

so that we have id = idM (vd). Each cross product idk(vd)×
vd in (10) is calculated by the method of (7) using MAT-
LAB. Thus, we can execute the Fourier expansion and get
the module of the diode as shown in Fig.1(b). Now, we for-
mulate “Sine-Cosine circuit”[9,10], which corresponds to the
determining equation of HB.
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Fig.1 (a) a diode model, (b) HB module with MATLAB.

The circuit is resistive, and it can be easily solved with
the DC analysis of Spice. Thus, we can get the frequency-
domain solutions such as frequency response curves and so
on.

It is convenient to develop the HB modules for bipolar
transistors. In this case, if we model the transistor with
Ebers-Moll model, the emitter, base and corrector currents
are given as follows:

iE = Is exp( vBE
VT

)− αRIs exp( vBC
VT

)

iC = αF Is exp( vBE
VT

)− Is exp( vBC
VT

)

iB = (1− αF )Is exp( vBE
VT

) + (1− αR)Is exp( vBC
VT

)




(11)

for IS − 10−12, VT = 0.026, αF = 0.99, αR = 0.3
They consist of the exponential functions, so that HB tran-
sistor module can be developed with the diode HB module
shown by Fig.1(b).
2.4 Comparisons between Volterra series and HB
methods We consider a simple base-modulator circuit as
shown in Fig.2(a) [13]. Firstly, let us solve it with the
Volterra series method.
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Fig.2(a) Base modulation circuit, (b) 1st order Volterra
equivalent circuit.

R1 = 50[kΩ], R2 = 10[kΩ], R = 0.2[kΩ]
C = 1[nF ], C0 = 1[nF ], C0 = 1[nF ], L = 10[µF ], E = 10[V ]

v1 = 0.02 sin ω1t, v2 = 0.02 sin ω1t, for ω2 = 8.2×106[rad/sec]
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The transistor is replaced by the Ebers-Moll model, and
the operating point is firstly calculated and we have vd0 =
0.5822[V ]. Next, the nonlinear characteristic is approxi-
mated by the 3rd order Taylor expansion at the point vd0 as
follow:

id = 0.0130 + 0.52vd + 10.40v2
d + 138.60v3

d. (12)

Note that, for these parameters, we have vBC < 0 and
Is exp(vBC/VT ) = 0, so that 1st order Volterra kernel is
given by Fig.2(b). Next, the 2nd and 3rd Volterra kernels
are calculated according to the method of ref. [3]. The
frequency-domain inter-modulation phenomena as shown in
Fig.2(c) is easily obtained by the application of MATLAB.
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Fig.2(c),(d) The intermodulation phenomena

with Volterra series method and HB method.

Next, we analyze the circuit with HB method. Firstly, the
transistor is modeled by Ebers-Moll model and two diodes
are replaced by diode HB modules as shown in Fig.1(b),
where the diodes are approximated by the 3rd order Tay-
lor expansion and it is expanded in the Fourier series with
MATLAB. After then, we formulated the “Sine-Cosine cir-
cuits”[9,10] corresponding to the frequency components in
(6). Their sub-circuits are coupled with controlled sources
in each others that corresponds to the determining equation
of Spice. Therefore, the frequency-domain intermodulation
can be calculated by the DC analysis of Spice as shown in
Fig.6(d).

Note that although the above two response curves ob-
tained by Volterra series and HB methods are similar forms
in each other, the amplitudes are largely different around
the resonant point. We have also calculated the transient
responses, where transistors are modeled by the exponential
functions. The ω1 and ω2 frequency-components are calcu-
lated with DFT from the steady-state waveforms as shown
in Table 3.
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Output waveform[V]

Fig.2(e) Steady-state wave form of base modulator circuit.

Table 3 Comparisons of amplitudes
(ω1 = 107[dad/s], ω2 = 8.2× 106[rad/s])

Volterra Harmonic balance DFT
V1 = V2 ω1 ω2 ω1 ω2 ω1 ω2

0.01 0.950 0.693 0.929 0.691 0.913 0.698
0.02 2.20 1.41 1.72 1.31 1.68 1.29
0.03 3.91 2.32 2.50 1.92 2.17 1.72
0.04 6.25 3.35 3.35 2.59 2.50 2.11
0.05 9.80 4.55 4.31 3.34 2.75 2.38

Note that the results from transient analysis may be most
accurate, because the transistor is modeled by Ebers-Moll
model. On the other hand, the Volterra method approxi-
mate the Ebers-Moll model in 3rd order polynomial at fixed
operating point. Our HB method approximate it as an un-
known operating point decided by HB analysis. Other dif-
ferences are come from the analytical methods as follows;
For smaller input, the intermodulation phenomena both the
Volterra and HB methods are almost same features. How-
ever, the amplitudes of the Volterra method become much
larger than those of HB, especially around the resonant point
as shown in Table 3. Therefore, it seems from the results
that the Volterra series method becomes erroneous for the
strong nonlinear circuits having large inputs. Next, we will
investigate the modulations and get the following results:

Table 4 Modulation results for R = 1kΩ.
ω1 omega2 |ω1 − ω2| ω1 + ω2|

3rd order 20.33 4.92 7.15 3. 37
7th order 10.38 2.81 9.73 4.58

Exact 8.45 2.21 7.58 3.86

Although both the frequency response curves have almost
the same phenomena, the peak values to the 3rd order Taylor
approximations are larger than those of 7th order.

3. Illustrative examples

We consider a mixer circuit containing 3 transistors as
shown in Fig.3(a) [13]. Note that it works as a modulator
if we set v1(t) carrier signal, v2(t) input signal and choose
the LC resonant frequency equal to the carrier frequency.
Now, we analyze the intermodulation phenomena with our
HB method. Firstly, the transistors are modeled by the
Ebers-Moll model, where

id = Iseλvd , for Is = 10−12[A], λ = 40, and α = 0.99 (13)

and they are approximated by 3rd order Taylor series as
follows:

≡ k0(vd0)+k1(vd0)v+k2(vd0)v
2+k3(vd0)v

3 for vd = vd0+v
(14)

In this case, we applied 3rd order Taylor approximation
method. Firstly, all the transistors are replaced by the cor-
responding HB transistor modules, and RLC circuit is trans-
formed into “Sine-Cosine circuits” [9,10]. Thus, the circuit
is transformed into the 13 HB sub-circuits coupled with con-
trolled sources, which can solved by the DC analysis of Spice.
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Fig.3(a) Mixer circuit.
R2 = 10[kΩ], R = 100[Ω], L = 10[µH],
VCC = 10[V ], V1 = −10[V ], V2 = −5[V ]

For the mixer circuit, we had the intermodulation result
as shown in Fig.3(b), and the steady-state waveforms in
Fig.3(c)
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Fig.3(b) Frequency response of mixer circuit,
C = 1[pF ], v1 = 0.002 sin ω1t, v2 = 0.2 sin ω2t, for ω2 =

57× 106[rad/s].

(c) Inputs v1(t) = 0.002 sin 50× 106t, v2(t) = 0.2 sin 57× 106t

From DFT analysis of the waveform, we have the following
results:

Vout,1 = 0.7919[V ](HBmethod) V1 = 0.8311[V ](DFT)
for component ω1 = 57× 106[rad/s]

V0ut,2 = 0.9603[V ](HBmethod) V2 = 0.9585[V ](DFT)
for component ω2 = 50× 106[rad/s]





The mixer components are ω1 + ω2 and |ω1 − ω2| , and the
|ω1 − ω2|-component become zero at ω1 = ω2. The compu-
tation time is 102.05[s].
Next, we analyze the circuit as modulator. In this case, the
resonant frequency is equal to 1107[rad/s]. The inptermod-
ulation frequency phenomena is shown by Fig.3(d) and the
steady-state waveform by Fig.3(e).
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Fig.3(d) Frequency response of modulator.
C = 1[nF ], v1 = 0.001 sin ω1t, v2 = 0.1 sin ω2t, for ω2 =

0.2× 106[rad/s].

(e) Input v1(t) = 0.001 sin 107t, v2(t) = 0.1 sin 0.2× 106t

We have the following results:

Vout,1 = 3.987[V ](HBmethod) V1 = 4.218[V ](DFT)
for component ω1 = 107[rad/s]

Vout,2 = 0.307[V ](HBmethod) V2 = 0.337[V ](DFT)
for component ω1 = 0.2× 106[rad/s]

Vout = 85.5[mV ] at ω1 − ω2, ω1 − ω2





The computation time is 209.30[s].

4. Conclusions and remarks

In this paper, we compared Volterra series method with
our Spice-oriented HB method for the analysis of intermod-
ulation phenomena, and we found the following results:

1. Both methods belong to the symbolical analysis, in the
meaning that the nonlinear devices must be described
by the power series. Volterra method must be firstly
found the operating point, and use by Taylor expan-
sion. Our HB method also use Taylor expansion in
symbolical form. The determining equation is given by
the equivalent circuit so that our HB method is a kind
of symbolic method.

2. Both method give good results for small input.

3. Volterra series method can be only applied to weakly
nonlinear circuits. Our HB method can be applied to
relatively strong nonlinear circuits with a few harmon-
ics.

As the future work, we need to apply our HB method to
much more strong nonlinear elements, and develop of HB
modules of MOSFETs.
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