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Abstract—In this study, two van der Pol oscillators
coupled by a time-varying resistor are investigated.
We assume that the time-varying resistor is realized
by switching a positive and a negative resistors alter-
nately with a fixed frequency and chaotically varying
duty ratio. By carrying out computer simulations, we
confirm that interesting change of phase difference be-
tween the two oscillators is observed.

I. I NTRODUCTION

Synchronization phenomena in complex systems
are very interesting to describe various higher-
dimensional nonlinear phenomena in the field of natu-
ral science. Studies on synchronization phenomena of
coupled oscillators are extensively carried out in var-
ious fields, physics [1]-[3], biology [4], engineering
[5]-[12] and so on. Because many researchers suggest
that synchronization phenomena of coupled oscilla-
tors have some relations to information processing in
the brain. We consider that it is very important to in-
vestigate the synchronization phenomena of coupled
oscillators to realize a brain computer for the future
engineering application.

On the other hand, there are some systems whose
dissipation factors vary with time, for example, un-
der the time-variation of the ambient temperature, an
equation describing an object moving in a space with
some friction and an equation governing a circuit with
a resistor whose temperature coefficient is sensitive
such as thermistor. However, there are few discussion
about coupled oscillators coupling by a time-varying
resistor.

In our previous research, we have investigated syn-
chronization phenomena in van der Pol oscillators
coupled by a time-varying resistor [13]. We realized
the time-varying resistor by switching a positive and a
negative resistors periodically [14]. By changing the
duty ratiop, we can confirmed that the characteristics
of the synchronization phenomena as follows. First,
for smallerp, the two coupled oscillators are synchro-
nized only in anti-phase. Second, for intermediatep,
the coexistence of the in-phase and the anti-phase syn-
chronizations can be observed. Finally, for largerp,

only the in-phase synchronization can be confirmed.
What happen in the two coupled oscillators? if the
duty ratio changes to between smaller and larger val-
ues. This question is very interesting to make clear the
mechanism of coupled oscillators with time-varying
resistor.

In this study, we investigate two van der Pol os-
cillators coupled by a time-varying resistor when the
switching duty ratio of the time-varying resistor is de-
termined by the value of the logistic map as an exter-
nal signal. First, we investigate the phenomena when
the switching duty ratio is changed as one-period,
two-period, four-period, and chaos. Next, we inves-
tigate the phenomena when the switching duty ratio is
around the intermittency chaos near the three-periodic
window. By carrying out computer calculations, we
can confirm that the phase difference between the two
coupled oscillators changes according to the switch-
ing duty ratio.

II. C IRCUIT MODEL

Figure 1 shows the circuit model. In this circuit,
two identical van der Pol oscillators are coupled by
a Time-Varying Resistor (TVR). We have known the
synchronization phenomena for the case that the cou-
pling resistor is a simple time-invariant resistor [5][6].
Namely, the in-phase synchronization is stable for a
positive coupling resistor, while the anti-phase syn-
chronization is stable for a negative coupling resistor.
In this study, we consider the case that the coupling re-
sistanceR(t) of the TVR varies with time. The char-
acteristics of the TVR is shown in Fig. 2. In this study,
we consider the case that the function representing the
variation of the TVR is the square wave with the an-
gular frequencyωt and the duty ratiop.

Firstly, thevk − iRk characteristics of the nonlinear
resistor are defined as follows,

iRk = −g1vk + g3vk
3. (1)

By changing the variables and the parameters,
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Fig. 1. Circuit model (TVR is a Time-Varying Resistor).
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Fig. 2. Characteristics of the TVR.
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the normalized circuit equations are given as
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where the sign of the coupling term changes according
to the value of the time-varying resistor.

III. SYNCHRONIZATION PHENOMENA [13]

We observed that the two coupled oscillators are
synchronized in in-phase and anti-phase as shown in
Fig. 3. These two synchronization states can be ob-
tained by giving different initial conditions.

We have investigated the influence of the duty ratio
of the switching, namely we vary the ratio of time in-
tervals connecting to the positive and the negative re-
sistors. Figure 4 shows the phase difference between
both oscillators in dependence on the duty ratiop. We
set the parameters asε = 2.0, γ = 0.1 andω = 2.0.

From this figure, we can see the hysteresis of the
synchronization phenomena. First, forp smaller than
0.46, the two coupled oscillators are synchronized
only in anti-phase. Second, when thep is between

(a) In-phase.
τ
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(b) Anti-phase.
τ
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Fig. 3. Time waveform of two synchronization states
(computer calculated results).ε = 2.0, γ = 0.1, p =
0.5, ω = 1.5. (a) In-phase synchronization. (b) Anti-
phase synchronization.
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Fig. 4. Synchronization in dependence onp (ε = 2.0,
γ = 0.1, ω = 2.0).

0.46 and0.492, the coexistence of the in-phase and
the anti-phase synchronizations can be observed. Fi-
nally, for p larger than0.492, only the in-phase syn-
chronization can be confirmed.

IV. SWITCHING DUTY RATIO BY LOGISTIC MAP

We investigate the phase difference between the os-
cillators when the duty ratio of the TVR changes be-
tween smaller and larger values. We assume that the
switching duty ratiop is determined by the value of
the logistic map as an external signal. The logistic
map is defined by the following equation.

zn+1 = αzn(1.0 − zn). (3)

Varying parameterα, Eq. (3) behaves chaotically via
a periodic-doubling cascade. We transform the value
of the logistic map into the switching duty ratiop by
the following equation:

pn =
1
3
(zn + 0.85). (4)



Further, we assume that the duty ratiopn is fixed dur-
ing N periods.

In the following sections, we set the parameters of
the circuit asε = 2.0, γ = 0.1 andω = 2.0.

V. PERIODIC AND CHAOTIC SWITCHING

Figure 5 shows the phase differences when the lo-
gistic map is one-periodic. The phase difference is
constant. This is because the duty ratio, which is
determined by the value of the logistic map, is also
constant. Figures 6 and 7 show the phase differ-
ences when the logistic map is two-periodic and four-
periodic, respectively. From these figures, we can
confirm that the phase difference oscillates as almost
one or two periodic according to the change of the
duty ratio. Further, when the periodN becomes large,
the amplitude of the oscillation of the phase difference
becomes large, and the changing speed of the phase
difference becomes slow. Further, the phase differ-
ences when the logistic map is chaotic are shown in
Fig. 8. We can see that the phase difference between
the two coupled oscillators behaves chaotically.

VI. I NTERMITTENCY AND FULLY-DEVELOPED

CHAOTIC SWITCHING

Next, we compare the phenomena for the cases that
the logistic map is three-periodic, intermittency chaos
near the three periodic window and fully-developed
chaos. We consider the three types of intermittency
chaos near the three periodic window. Namely, the
laminar part of the intermittency chaos is long, middle
and short. The simulated results are shown in Fig. 9.
From these figures, we can see the different behav-
iors of the phase differences by changing the switch-
ing duty ratio. First, for the case that the laminar part
is long (Fig. 9(b)), the behavior is similar to the three
periodic (Fig. 9(a)). Secondly, for the case that the
laminar part is short (Fig. 9(d)), the behavior is sim-
ilar to the fully-developed chaos (Fig. 9(e)). Finally,
for the case that the laminar part is middle (Fig. 9(c)),
the behavior includes both the three periodic and the
fully-developed chaos. In that case, the changing of
the phase difference is very complicated.

VII. C ONCLUSIONS

In this study, we have investigated phase differ-
ences in two van der Pol oscillators coupled by a
time-varying resistor when the duty ratio of the time-
varying resistor varies chaotically. We realized the
time-varying resistor by switching a positive and a
negative resistors using the value of the logistic map.
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(a) N=200. (b) N=400.

Fig. 5. Phase differences for 1-periodic duty ratio (α =
2.9).
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(a) N=200. (b) N=400.

Fig. 6. Phase differences for 2-periodic duty ratio (α =
3.2).
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(a) N=200. (b) N=400.

Fig. 7. Phase differences for 4-periodic duty ratio (α =
3.5).
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Fig. 8. Phase differences for chaotic duty ratio (α = 3.68).

By carrying out computer calculations, we confirmed
that the synchronization phenomena of the two cou-
pled oscillators depended on the switching duty ratio.
Namely, for the case of the intermittency chaos, the
synchronization had coexistence of the three period
and the fully-developed chaos. The varying phase dif-
ference was very complex.
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(a) 3 periodic (α = 3.835).
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(b) Intermittency chaos: laminar part is long.
(α = 3.8284).
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(c) Intermittency chaos: laminar part is middle.
(α = 3.8260).

 0

 50

 100

 150

 200

 4000  4200  4400  4600  4800  5000

ph
as

e 
di

ffe
re

nc
e

time

(d) Intermittency chaos: laminar part is short.
(α = 3.8250).
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(e) Fully-developed chaos (α = 3.99).

Fig. 9. Comparison of intermittency chaos and fully-
developed chaos.
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