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Abstract

Distortion analysis in the frequency domain is very im-
portant for designing the analog integrated circuits. We
propose here a new method based on the SPICE-oriented
harmonic balance method, where the Fourier transforma-
tions to the bipolar transistors and/or MOSFETs are car-
ried out using new Fourier transfer circuit model. The cir-
cuit is composed of the analog behavior models(ABM) of
SPICE, which can be applied to any kind of nonlinear cir-
cuit elements described by the exponential and/or piecewise
linear functions. Furthermore, the determining equation of
our harmonic balance method is schematically described by
coupled resistive DC, Cosine and Sine circuits, so that we
can easily obtain the frequency response curves with the DC
analysis of SPICE. Thus, our approach is quite user-friendly,
because we need not derive the circuit equation and the de-
termining equations in our harmonic balance method.

1. Introduction

The distortion analysis in the frequency domain is very
important for designing the nonlinear analog integrated cir-
cuits. The Volterra series methods are widely used for the
analysis of weakly nonlinear systems [1-3]. Although the al-
gorithm is theoretically elegant, it is not so easy to derive the
Volterra kernels in the higher order distortions analysis [4].
Furthermore, their nonlinear characteristic in the method
must be described in the form of polynomial, so that they
can be obtained by the Taylor expansion in the vicinity of the
DC operating point of a nonlinear elements [2]. This task is
also not so easy especially for the complicated circuit mod-
els such as the high frequency Gummel-Poon model of bipo-
lar transistors and/or Shichman-Hodges model of MOSFETs
[5]. On the other hand, there have been proposed many al-
gorithms for calculating the exact steady-state waveforms of
nonlinear circuits driven by the periodic and/or multi-tone
signals [6-8]. Unfortunately, they are inefficient for calculat-
ing the nonlinear frequency response curves.

In this paper, we present a new harmonic balance method
for calculating the frequency response curves in the distor-
tion analysis of nonlinear integrated circuits. The determin-
ing equations can be schematically described by the equiv-
alent DC, Cosine and Sine circuits, where Fourier transfer
circuit model can be efficiently used for the Fourier expan-
sion of the nonlinear characteristics. The circuit is composed
of the resistive analog behavior models (ABM) of SPICE so
that the frequency response curves can be obtained by the

application of curve tracing algorithm [12]. Note that the
Fourier expansion can be efficiently applied to any kind of
circuit elements such as bipolar transistors, MOSFETs and
so on. Remark that the method in the reference [9] can
be only applied to the circuit whose elements are described
by the polynomial functions. The Fourier circuit model is
shown in section 2, and the equivalent DC, Cosine and Sine
circuits are shown in section 3. Each circuit topology is the
same as the original one. Of course, the technique can be
easily extended to the higher harmonic distortion analyses.
We show an interesting illustrative example in section 4.
Since our method needs not to derive both the circuit equa-
tion and the determining equations, it is really user-friendly
algorithm for calculating nonlinear response curves.

2. Fourier transfer circuit model

Analog integrated circuits are usually composed of many
kinds of nonlinear elements such as diodes, bipolar tran-
sistors and MOSFETs, whose models are described by the
special functions such as the exponential, square-root, piece-
wise continuous functions and so on [5]. Let us discuss how
to calculate the frequency response curves. In this case, we
first need the Fourier expansion to the nonlinear elements
driven by the periodic input.

Let us assume the input and the output waveforms as
follows;

x(t) = A0 +

M∑
k=1

(A2k−1 cos kωt + A2k sin kωt)

y(t) = B0 +

M∑
k=1

(B2k−1 cos kωt + B2k sin kωt)

⎫⎪⎪⎪⎪⎬
⎪⎪⎪⎪⎭

(1)

where M denotes the highest harmonic component to take
account in the analysis. Thus, the output Fourier coefficients
need to be described by the functions of input amplitudes
as follows;

B0 = g0(A0, A1, · · · , A2M )
B1 = g1(A0, A1, · · · , A2M )

...............................
B2M = g2M (A0, A1, · · · , A2M )

⎫⎪⎬
⎪⎭ (2)

Note that the Fourier coefficients Bk can be given by the
explicit functions of (A0, A1, . . . , A2M ), only when the non-
linear function is described by the polynomial function [11].
Therefore, we propose here a new technique using Fourier
transfer circuit model as shown in Fig.1 and 2.

IV - 6330-7803-8251-X/04/$17.00 ©2004 IEEE ISCAS 2004

➠ ➡



A0

A1

A2

B0

B1

B2

AK-1

AK

BK-1

BK

Fourier

Transformation

Circuit

Fig.1 Block diagram realizing the relation (2).

Each Fourier coefficient for the function f(x) can be numer-
ically obtained in the following formula:

B0 =
1

2π

∫ 2π

0

f(x)dt

B2k−1 =
1

π

∫ 2π

0

f(x) cos kωtdt, B2k =
1

π

∫ 2π

0

f(x) sin kωtdt

k = 1, 2, . . . , M

⎫⎪⎪⎪⎬
⎪⎪⎪⎭

(3)

Let us apply the trapezoidal integration formula to (3) as
follows;∫ b

a

f(x)dx =
h

2
(f0 + fn) + h(f1 + f2 + · · · + fn−1) (4)

where the step-size of the integration is h = (a−b)/n. Then,
the truncation error is given by f (2)h2/12n. Using this for-
mula, we will realize the equivalent circuit model satisfy-
ing (3) with ABMs of SPICE. To understand the opera-
tion, we simply assume that the input is x = A sin θ. The
Fourier transfer circuit model shown by Fig.2 is composed
by ABM blocks, whose operations such as multiplications,
exponential, trigonometric functions and so on can be done
by the functions written by the Fortran languages. On the
other hand, the integration interval [0, 2π] is divided by n
sections using a number of n resistors, so that each input
node voltage of the ABM block is given by θk = 2πk/n at
kth node. Thus, the resultant current sources are given by
f(A, θk) cos Nθk, f(A, θk) sin Nθk, k = 1, 2, . . . , n. Summing
them, the outputs correspond to the coefficient of cos Nθ
and sin Nθ (13). In this case, if the input contains the higher
harmonic components, we need to set the number of m ter-
minals (A1, A2, . . . , Am) instead of the single terminal A in
Fig.2.

2π
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0.5f(A,θ  )sinNθ 11
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f(A,θ  )sinNθ 22

R

R

R

R

A N

Coefficient of SinNθ

Σ/n

Coefficient of CosNθ

Σ/n

Fig.2 Fourier transfer circuit model.

The fact that the circuit model is a resistive circuit which
is important for the calculation of the frequency response
curves with curve tracing algorithm [12].

To investigate the numerical accuracy, we first calculate
a modified Bessel function as follows;

IN (x) =
1

2π

∫ π

−π

ex cos θ cos Nθdθ (5)

The simulation results with h = 2π/20 is shown in Fig.3.
The value I1(10) = 2761 at N = 1, x = 10 is exactly equal
to that from the Table of Bessel function [10]. Note that
this kind of Fourier expansion to the exponential function
is very important to the analysis of the circuit containing
diodes and bipolar transistors [5].
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Fig.3 Fourier transformation for modified Bessel function.

Next, we apply it to the Fourier expansion of MOSFET,
whose characteristic in SPICE model is described by a piece-
wise continuous function [5] as follows:

1. Linear region: (VGS > VT , VGS − VT ≥ VDS > 0)

ID =
KW

L

[
(VGS − VT ) − VDS

2

]
VDS(1 + λVDS)

(6.1)

2. Saturation region: (VGS > VT , VDS > VGS − VT )

ID =
KW

L
(VGS − VT )2(1 + λVDS) (6.2)

The result of Fourier expansions for the input VGS cos ωt is
shown in Fig.4.
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Fig.4 Fourier transformation for MOSFET.
VDS = 3[V ], K = 3.87[µA], λ = 0.01605,

W = 2[µm], L = 2[µ], VT = 0.827[V ]
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Thus, the Fourier transfer circuit model shown in Fig.2 can
be efficiently applied to any kind of circuit elements con-
tained in analog integrated circuits.

3. Frequency response curve of
nonlinear circuits

Nowadays, the frequency response curves of the funda-
mental
frequency (H1), the second harmonic distortion(HD2) and
the third harmonic distortion(HD3) are usually calculated
by the use of the Volterra series method [3], where the non-
linear characteristics must be described by the polynomial
functions. On the other hand, our distortion analysis using
the Fourier transfer circuit model can be efficiently applied
to the circuits containing any kind of the elements described
by exponential, piecewise linear functions and others.

To understand our harmonic balance method, we consider
the following circuit equation;

f(v̇,v,w, ωt) = 0, f : R2n+m �→ Rn+m (7)

Although the steady-state waveforms may contain many
higher harmonic components, for simplicity, we consider
only the DC and fundamental frequency components as fol-
lows;

v(t) = V0 + V1 cos ωt + V2 sin ωt
w(t) = W0 + W1 cos ωt + W2 sin ωt

}
(8)

Substituting (8) into (7) and applying the harmonic balance
method, we have the following determining equations;

F0(V0,V1,V2,W0,W1,W2, ω) = 0 · · ·DC
Fc(V0,V1,V2,W0,W1,W2, ω) = 0 · · · cosωt
Fs(V0,V1,V2,W0,W1,W2, ω) = 0 · · · sinωt

}
(9)

In generally, the derivation of (9) from the circuit equation,
and the analysis of the determining equations are trouble-
some. We propose a SPICE-oriented algorithm for getting
the DC-circuit, Cosine-circuit and Sine-circuit correspond-
ing to the above the relations (9).

a. Inductive elements: Assume that the nonlinear in-
ductor is described by current-controlled characteris-
tic as follows;

φL = φ̂L(iL) (10.1)

For the current iL = IL0 + IL1 cos ωt + IL2 sin ωt, we
have

vL(t) � −ωΦL1 sin ωt + ΦL2 cos ωt (10.2)

where ΦL1 and ΦL2 are function of {IL0, IL1, IL2}.
They are calculated by the Fourier transfer circuit
shown by Fig.2.

For the linear inductor L, the coefficient are simply
given by the linear current-controlled voltage sources
ωLIL2 in the Cosine-circuit and −ωLIL1 in the Sine-
circuit, respectively [9].

b. Capacitive elements: High frequency bipolar tran-
sistor and MOFET models [5] usually contain non-
linear depletion and diffusion capacitors which are
described by the voltage-controlled characteristics as
follow;

qC = q̂C(vC) (11.1)

For the voltage vC = VC0 +VC1 cos ωt+VC2 sin ωt, we
have

iC(t) � −ωQC1 sin ωt + ωQC2 cos ωt (11.2)

where QC1 and QC2 are function of {VL0, VL1, VL2},
and they are also estimated by the Fourier transfer
circuit shown in Fig.2.

For the linear capacitor C, the Fourier coefficients are
given by the linear voltage-controlled current sources
ωCVV 2 in the Cosine-circuit and −ωCVC1 in the Sine-
circuit, respectively [9].

c. Resistive elements: Many of integrated circuit
elements are described by the nonlinear voltage-
controlled current sources as follows;

iG = îG(vG) (12.1)

For the voltage vG = VG0 +VG1 cos ωt+VG2 sin ωt, we
have

iG(t) � IG0 + IG1 cos ωt + IG2 sin ωt (12.2)

where IG0, IG1 and IG2 are described by the function
of {VG0, VG1, VG2}. They are estimated by the use of
the Fourier transfer circuit model shown by Fig.2. For
linear resistors, we need not any transformation [9].

Note that the inductive elements in the DC-circuit are re-
moved by the shorted-circuits, and the capacitive elements
by the opened-circuits.

Thus, the circuit topologies corresponding to the DC, Co-
sine and Sine circuits and their higher harmonic components
are equal to the original circuit, and they are coupled in each
other with the controlled sources.

4. An illustrative example

Now, consider distortion analysis of a simple high fre-
quency amplifier [3] shown by Fig.5(a). The Ebers-Moll of
transistor [5] is shown by Fig.5(b), where the diode models
are given by

iD1 = 10−14{exp(40vbe − 1)}[A],
iD2 = 10−14{exp(40vbc − 1)}[A]

and

Rs = 10[kΩ], RL = 10[kΩ], Vs = 800[mV ]
αF = 0.99, αR = 0.3

C1 = 10+10v3
bc[pC], C2 = 10+10v3

be[pC], vin = Vm,in cos ωt

For calculating the frequency response of the fundamen-
tal, the second order distortion (HD2) and the third order
distortion(HD3), we assumed the waveforms as follows;

vbe = Vbe,0 +

3∑
k=1

(Vbe,2k−1 cos kωt + Vbe,2k sin kωt)

vbc = Vbc,0 +

3∑
k=1

(Vbc,2k−1 cos kωt + Vbc,2k sin kωt)

Applying the harmonic balance method, we obtained the
DC, Cosine and Sine circuit as shown in Fig.5 (c),(d) and (e),
respectively. The circuit models for calculating the higher
order distortions are obtained in the same manner, where
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IC0, IE0 are the DC voltage-controlled current sources, and
the voltage-controlled current sources (IC,k, IE,k, k = 1, 2, 3)
are given by the function of the input frequency ω. These
controlled sources can be calculated by the use of Fourier
transfer circuit model shown in Fig.2.

SR

LR

VD

v cb

v

i b
i c

i e

vout

v in

VS

(a) (b)

C2

C1

α

F

R

α

B

C

E

iD2

D1i

D1i

iD2

v in
VS

SRSRSR

LRLR
LR

I

C0

E0

C1 C2

E1 E2

I

I

I

I

I

(c) (d) (e)

be

Fig.5 (a) Amplifier circuit, (b) High frequency Ebers-Moll

model, (c) DC-circuit, (d) Cosine-circuit, (e) Sine-circuit

Continuously changing the input frequency with the DC
analysis of SPICE, we can obtain the frequency response
curves for the distortion analysis as shown in Fig.6, which
is almost same as those of reference [3].
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Fig.6 Distortion analysis.

5. Conclusions and remarks

The distortion analysis in frequency domain is very impor-
tant for designing the high frequency analog integrated cir-
cuits. It is usually carried out by the Volterra series method,

where the nonlinear characteristics must be described by
the polynomial function in the vicinity of the DC operating
point. Thus, the method can be only applied to weakly non-
linear circuits. Furthermore, the higher order kernels of the
Volterra series are complicate, so that it is usually restricted
to the analysis of relatively low order distortion analysis.

In this paper, we have proposed an efficient SPICE-
oriented distortion analysis method based on the harmonic
balance method, where we uses Fourier transfer circuit
model. The model can be efficiently applied to any kind
of nonlinear elements described by such as exponential and
piecewise continuous functions. We also proposed the DC,
Cosine and Sine circuits corresponding to the determining
equation of the harmonic balance method, whose circuit
topologies are equal to the original circuit. Thus, the al-
gorithm of our distortion analysis is quite simple and user-
friendly. We are going to apply the algorithm to the com-
plicated circuits such as the modulators.
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