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Markov Chain Modeling of Chaotic Wandering

in Simple Coupled Chaotic Circuits

Yoshifumi NISHIO∗†, Martin HASLER∗ and Akio USHIDA†

Abstract — In this study, chaotic wandering phe-
nomenon observed in simple coupled chaotic circuits
is modeled by Markov chains. As coupling param-
eter increases, the solution of the coupled chaotic
circuits starts to wander chaotically over 6 different
phase states which are stable for smaller value of the
parameter. The wandering is modeled by first-order
and second-order Markov chains with the 6 states
plus 3 intermediate states. Stationary probability
distribution, expected sojourn time and probability
density function of sojourn time are calculated from
transition probabilities. These statistical quantities
are compared with those obtained from computer
simulations.

1 Introduction

Spatio-temporal phenomena observed from cou-
pled chaotic systems attract many researchers’ at-
tentions. For discrete-time mathematical mod-
els, there have been numerous excellent results.
Kaneko’s coupled map lattice is the most interest-
ing and well-studied system [1]. He discovered var-
ious nonlinear spatio-temporal chaotic phenomena
such as clustering, Brownian motion of defect and
so on. Also Aihara’s chaos neural network is the
most important chaotic network from an engineer-
ing point of view [2]. His study indicated new pos-
sibility of engineering applications of chaotic net-
works, namely dynamical search of patterns embed-
ded in neural networks utilizing chaotic wandering.
Further, application of chaos neural network to op-
timization problems is widely studied. However,
chaotic wanderings in continuous-time circuits have
not been studied well. Therefore, in order to fill the
gap between studies of discrete-time mathematical
abstract and studies of continuous-time real phys-
ical systems, it is important to investigate simple
continuous-time coupled chaotic circuits generat-
ing chaotic wandering, clustering, pattern switch-
ing, and so on.
We have proposed continuous-time coupled

chaotic circuits systems and have investigated gen-
erating spatial patterns and chaotic wandering of
spatial patterns [3]. In our latest studies, we have
reported similar coupled circuits could generate
chaotic wandering over several phase states char-
acterized by four-phase synchronization and have
shown that dependent variables corresponding to
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the angles of the solutions in subcircuit were use-
ful to grasp the complicated phenomena [4][5]. The
important feature of our coupled circuits is their
coupling structure. Namely, adjacent four chaotic
circuits are coupled by one resistor. Because such
a coupling exhibited quasi-synchronization with
phase difference [6], various spatial patterns could
be generated. It would be followed by genera-
tion of several complicated spatio-temporal chaotic
phenomena observed in discrete-time mathematical
models. Therefore, the network based on the cou-
pled circuits would be a good model to make clear
physical mechanism of spatio-temporal chaotic phe-
nomena in continuous-time systems. However,
because it is extremely difficult to treat higher-
dimensional nonlinear phenomena in continuous-
time systems theoretically, we have to develop sev-
eral tools to reveal the essence of the complicated
phenomena.
In this study, chaotic wandering phenomenon ob-

served in four simple chaotic circuits coupled by one
resistor is modeled by Markov chains. The circuits
exhibit four-phase synchronization of chaos for rel-
atively small coupling parameter values. Because
of the symmetry of the coupling, there coexist 6
different phase states. As the coupling parameter
increases, the solution starts to wander chaotically
over the 6 different phase states which are stable
for smaller value of the parameter. The wandering
is modeled by first-order and second-order Markov
chains with the 6 states plus 3 intermediate states.
Transition probabilities between the states can be
obtained by counting all of the transitions in plenty
of computer simulation. Stationary probability dis-
tribution, expected sojourn time and probability
density function of sojourn time are calculated from
the transition probabilities. These statistical quan-
tities are compared with those obtained from com-
puter simulations.

2 Circuit Model

Figure 1 shows four coupled chaotic circuits. The
i−v characteristics of the diodes are approximated
by a two-segment piecewise-linear function as

vd(ik) = 0.5 (rd ik + E − | rd ik − E | ) . (1)

By changing the variables and parameters,

Ik =
√
C/L1Exk, ik =

√
C/L1Eyk, vk = Ezk,

t =
√
L1C τ, α = L1/L2, β = r

√
C/L1,

γ = R
√
C/L1, δ = rd

√
C/L1, (2)
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Figure 1: Circuit model.

the normalized circuit equations are given as


dxk

dτ
= β(xk + yk)− zk − γ

4∑
j=1

xj

dyk

dτ
= α{β(xk + yk)− zk − f(yk)}

dzk
dτ

= xk + yk ( k= 1, 2, 3, 4 )

(3)

where

f(yk) = 0.5 (δ yk + 1− | δ yk − 1 | ). (4)

3 Four-Phase Synchronization and Chaotic
Wandering

Figure 2 shows an example of the observed four-
phase synchronizations. Though only circuits ex-
perimental results are shown, similar results can be
obtained by computer calculations. In the figures
the phase differences of I2, I3 and I4 with respect
to I1 are almost 90◦, 180◦ and 270◦, respectively.
However, because of the symmetry of the coupling
structure, six different combinations of phase states
coexist.
Further, we can observe chaotic wandering of

the 6 phase states of the four-phase synchroniza-
tion by tuning coupling parameter value. In order
to investigate the chaotic wandering, we define the
Poincaré section as z1 = 0 and x1 < 0. Further we
define the following independent variables from the
discrete data of xk(n) and zk(n) on the Poincaré
map.

ϕk(n) =




π − tan−1 zk+1(n)
xk+1(n)

(xk+1(n) > 0)

π + tan−1 zk+1(n)
xk+1(n)

(xk+1(n) < 0)

(5)
( k=1, 2, 3. )

Because the attractor observed from each subcir-
cuit is strongly constrained onto the plane yk = 0
when the diode is off, these variables can corre-
spond to the phase differences between the subcir-
cuit 1 and the others. (Note that the argument
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Figure 2: Four-phase synchronization of chaos.
L1=100.7mH, L2=10.31mH, C=34.9nF, r=334Ω and
R=198Ω. (a) I1−I2. (b) I1−I3. (c) I1−I4. (d) I1−v1.

of the point (x1(n), z1(n)) is always π.) Figure 3
shows time evolution of ϕk(n) when chaotic wan-
dering occurs. We can see that several switchings of
the phase difference appear in an irregular manner.

−→ n : iteration
Figure 3: Chaotic wandering of phase states (α = 7.0,
β = 0.13, γ = 0.46 and δ = 100.0).

4 Markov Chain Modeling of Chaotic Wan-
dering

In this study the chaotic wandering observed in
our circuit is modeled by Markov chains. It gives
various statistical characteristics of the higher-
dimensional nonlinear phenomenon and would help
to carry out further detailed analysis.
At first, let us define the 6 phase states of

the four-phase synchronization concretely using the
variables in (5) as

S1 : ϕ1 > ϕ2 > ϕ3

S2 : ϕ1 > ϕ3 > ϕ2

S3 : ϕ2 > ϕ1 > ϕ3

S4 : ϕ2 > ϕ3 > ϕ1

S5 : ϕ3 > ϕ1 > ϕ2

S6 : ϕ3 > ϕ2 > ϕ1.

(6)

By careful investigation of the behavior of the solu-
tions around switchings between two of the above
6 phase states, we found that the solution often
stays in intermediate phase states during a certain
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period. In the intermediate phase states, 2 of the
four circuits are almost synchronized at in-phase
and the rest are also synchronized at in-phase with
π-phase difference against the former pair (like in-
and opposite-phases quasi-synchronization in [3]).
These phase states can be characterized by

SI1 : |ϕ1 − π| < θI ∩ |ϕ2 − ϕ3| < θI
SI2 : |ϕ2 − π| < θI ∩ |ϕ1 − ϕ3| < θI
SI3 : |ϕ3 − π| < θI ∩ |ϕ1 − ϕ2| < θI

(7)

where θI is a parameter deciding largeness of the
region of the intermediate phase states. Note that
the condition of the decision of the phase states
(6) should be modified because of introducing these
intermediate phase states.
Next, let us consider a state-transition diagram

representing the transitions between the above-
mentioned phase states S1 − S6 and SI1 − SI3. By
virtue of the symmetry of the coupling of the orig-
inal system, we have to consider only S1 and SI1.
Figure 4 shows a part of the state-transition dia-
gram focusing on the phase state S1 where

P1 = 1−
7∑

i=2

Pi. (8)

Note that the paths from S1 to S6 and to SI2 do not
exist, because these transitions need double switch-
ing beyond one of the other phase states which was
very rare in our computer simulations. Figure 5
shows a part of the state-transition diagram focus-
ing on the intermediate phase state SI1 where

P8 = 1− 2(P9 + P10). (9)

Figure 4: State-transition diagram I (only transitions
from S1).

From the whole state-transition diagram, we can
get the transition probability matrix P as



P1 P2 P3 P5 P4 0 P9 0 P10
P2 P1 P4 0 P3 P5 P9 P10 0
P3 P5 P1 P2 0 P4 0 P9 P10
P4 0 P2 P1 P5 P3 P10 P9 0
P5 P3 0 P4 P1 P2 0 P10 P9
0 P4 P5 P3 P2 P1 P10 0 P9
P6 P6 0 P7 0 P7 P8 0 0
0 P7 P6 P6 P7 0 0 P8 0
P7 0 P7 0 P6 P6 0 0 P8




.

(10)

Figure 5: State-transition diagram II (only transitions
from SI1).

The stationary probability distribution describ-
ing probability of the solution being in each phase
state;

Q = [QS1 , QS2, · · · , QSI3 ]
T (11)

can be calculated from the following equations

Q = PQ and
6∑

i=1

QSi +
3∑

j=1

QSIj = 1. (12)

It is also possible to estimate expected sojourn
time in each phase state by using the transition
probabilities. For example, probability density
function of the sojourn time in S1 is given by

PST (S1, n) = Pn−1
1 (1− P1). (13)

From (13) the expected sojourn time in S1 is cal-
culated as

EST (S1) =
∞∑

n=1

{n× PST (S1, n)}

= (1− P1)
∞∑

n=1

nPn−1
1

=
1

1− P1
.

(14)

In order to get more accurate statistical infor-
mation of the phenomena, we also model the phe-
nomenon by second-order Markov chain. In this
case, the transition probability matrix becomes
57×57 and the probability density function of the
sojourn time becomes a little bit complicated.

5 Results and Discussions

Table 1 shows the stationary probabilities and
the expected sojourn times obtained from com-
puter simulation, first-order Markov chain and
second-order Markov chain. Computer simula-
tions were carried out over 10,000,000 iterations of
the Poincaré map. Transition probabilities of the
Markov chains are obtained by counting all of tran-
sitions during the computer simulations. We can
see the results obtained from both of the first-order
Markov chain and the second-order one agree very
well with computer simulated results.
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Figure 6: Probability density functions of sojourn time (α = 7.0, β = 0.13, γ = 0.50 and δ = 100.0). (a) θI =
π/12. (b) θI = π/6. (c) θI = π/4. (1) S1 − S6. (2) SI1 − SI3.

Table 1: Stationary probabilities Q and expected so-
journ times EST (α = 7.0, β = 0.13, γ = 0.50 and
δ = 100.0).

θI Sim.
Markov Markov
(1st) (2nd)

QS1−S6 0.1633 0.1633 0.1631

π

12

QSI1−SI3 0.0068 0.0068 0.0071
EST (S1−6) 7.009 7.002 7.050

EST (SI1−I3) 1.170 1.170 1.170

QS1−S6 0.1536 0.1536 0.1536

π

6

QSI1−SI3 0.0261 0.0261 0.0262
EST (S1−6) 7.326 7.319 7.324

EST (SI1−I3) 1.778 1.778 1.779

QS1−S6 0.1357 0.1357 0.1357

π

4

QSI1−SI3 0.0619 0.0619 0.0619
EST (S1−6) 7.139 7.135 7.137

EST (SI1−I3) 2.566 2.566 2.566

Figure 6 shows the probability density functions
of the sojourn time. From the figures, we can say
that the first-order Markov chain could not explain
the chaotic wandering phenomenon in our system
correctly. On the other hand, the second-order
Markov chain displays better agreement especially
for the intermediate states SI1 − SI3 (Fig. 6(2)).
We have to mention that error for S1 − S6 around
n = 2, 3 increases as θI increases (Fig. 6(1c)). This
error is considered to be caused by unneglectable
higher-order Markov property. Investigating the re-
lationship between the error and the order of the
Markov chains is our important future problem.

6 Conclusions

In this study, chaotic wandering phenomenon ob-
served in four simple chaotic circuits coupled by

one resistor has been modeled by first-order and
second-order Markov chains with 6 original states
plus 3 intermediate states. Stationary probability
distribution, expected sojourn time and probability
density function of sojourn time have been calcu-
lated from the transition probabilities. By com-
paring these statistical quantities with those ob-
tained from computer simulations, We have the
results that the first-order Markov chain can not
explain the phenomenon correctly and that the
second-order Markov chain could explain the phe-
nomenon efficiently. We consider that the result of
this study would help to analysis chaotic wandering
in continuous-time circuits in detail.
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