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ABSTRACT

In this study, synchronization phenomena in chaotic
oscillators coupled by a transmission line are investi-
gated. In particular investigation using real circuits is
done for the �rst time. We report the very interesting
results.

1. INTRODUCTION

Since synchronization of chaos has been reported by
Pecora and Carroll [1], it has received a great deal of
attention. A large number of recent papers have been
published in this area. However, almost studies on
chaos synchronization reported so far, have dealt with
synchronization phenomena observed from chaotic os-
cillators coupled by lumped elements as in [2].

A few studies on systems coupled by elements with
time delay have been reported. In [3] two chaotic sys-
tems coupled by two delay lines are investigated. It has
been shown via numerical experiments that two chaotic
circuits synchronized when the time delay exists.

We have also reported synchronization phenomena
in a chaotic system coupled by transmission line [4]. It
is con�rmed by simulations that the subsystems syn-
chronize by adjusting the characteristic impedance of
the line when the time delay increases. However the
experimental studies on such systems have not been
reported so far.

In this study, following our previous study, we in-
vestigate two chaotic circuits coupled by a transmis-
sion line.In particular the systems are assessed by lab-
oratory experiments as well as computer simulations.
These circuits are simulated by using the method of
characteristics [5]. In our experiments, delay lines and
coaxial cables are used as transmission line. The delay
line is a element that transmits input signal waveforms
�delity but delays time.

We show by experiments that vC2-coupled synchro-
nization is achieved, which coincide our previous results
in [4]. It is also con�rmed by simulations and exper-
iments that vC1-coupled subsystems synchronize only

for small delays. A very interesting phenomena, that
oscillation of the Chua's circuit stops when coaxial ca-
bles are used, is observed from vC1-coupled system.

2. CIRCUIT MODEL

Fig. 1 shows vC1-coupled system that is one of the cir-
cuit models used in this paper. vC2-coupled system is
omitted because of limitations of space. In these mod-
els the Chua's circuit is used as each chaotic subcircuit
and two subcircuits are coupled by a transmission line.
The Chua's circuit is a extremely simple system but
it exhibits the complex dynamics of bifurcation and
chaos.

In our simulations, the transmission line is just mod-
eled using the method of characteristics, where the
transmission line is replaced by the characteristic model
[5] as shown in Fig. 2. After normalizing, we obtain
the following circuit equations.

vC1-coupled system:

_xk = �(yk � xk � f(xk) + (wk � xk));

_yk = xk � yk + zk; (1)

_zk = ��yk

vC2-coupled system:

_xk = �(yk � xk � f(xk));

_yk = xk � yk + zk + (wk � yk); (2)

_zk = ��yk

Where

f(x) = bx+
1

2
(a� b)[jx+ 1j � jx� 1j] (3)

and

� = C2=C1; � = C2=LG
2;  = Y0=G;

t̂ = Gt=C2; �̂ = G�=C2; \ _ " = d=dt̂;
xk = vC1k=Bp; yk = vC2k=Bp; zk = iLk=GBp;
wk = ek(t̂� �̂)=Bp; a = m0=G; b = m1=G:

Y0 and � are the characteristic admittance and time
delay of the transmission line respectively, and ek is
the waveform generator to simulate the reection in
the characteristic model.
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3. NUMERICAL AND EXPERIMENTAL RESULTS

We have already investigated the vC2-coupled system
by simulations [4]. We �rst make experiment to con-
�rm the results. The Chua's circuits are built, based
on [6]. The circuit parameters are adjusted so that
the circuits exhibit the double scroll attractor, and so
that they synchronize when they are directly coupled
by a resistor as reported in [2]. The measured values
of synchronizing system are as follows:

R = 1:435[k
]; C1 = 9:50[nF]; C2 = 103:8[nF];
L = 19:98[mH]; rL = 40:25[
];
m0 = �0:75[mS]; m1 = �0:41[mS]; Bp = 1:06[V]

Remaining the circuit parameters, the resistor is re-
placed by a delay line or coaxial cable. The delay line
is a element that transmits input signal waveforms �-
delity but delays time only when it is matched with
suitable impedance at both ends. Namely how to use
the delay lines is the same as the usage of coaxial ca-
bles. Note that the delay lines and the coaxial cables
are not matched in our experiments. Table 1 shows the
characteristics of the delay lines and coaxial cables we
used1,

Table 1: The characteristics of transmission lines.

Transmission Line Z0 �

Delay Line #1 50[
] 5[nsec]
FSL05-050A
Delay Line #2 500[
] 500[nsec]

FN-500B
Coaxial Cable #1 50[
] 500[nsec]

3D2V 100 m
Coaxial Cable #2 50[
] 10[�sec]

3D2V 2 km

where Z0 denotes the characteristic impedance. The
experimental results are illustrated in Fig. 3. The sub-
systems synchronize for all cases. For the case that 2
km long of coaxial cable was used, surprisingly enough,
two Chua's circuits synchronized. These results have
good agreement with the simulation results [4]. Unfor-
tunately we do not have any transmission lines with
larger delay, thus we could not con�rm whether what
kinds of phenomena will happen for larger delay.

Next we investigate the vC1-coupled system by ex-
periments. With changing the circuit con�guration,
experimental investigations were done. Fig. 4 shows
the results. For the case that the delay lines are used,
the subsystems synchronized as shown in Fig. 4(a),(b).

1The delay lines are made by Showa Densen Corporation.
The 3D2V cables are made in accordance with JIS (Japanese
Industrial Standard). With binding the coaxial cables round
drum, all experiments were done.

However both Chua's circuits stopped oscillating when
the coaxial cables are used (see Fig. 4(c),(d)). These
let us �nd the following two issues.

� For the same characteristic impedance, oscilla-
tions of the system stop when time delay increases.

� By varying the characteristic impedance, the sub-
systems synchronize even if time delay increases.

Second item can be also applied to the vC2-coupled
system [4].

To make these phenomena more reliable, we fur-
ther simulate the vC1-coupled system with the use of
the method of characteristics [5]. In our numerical ex-
periments, 4th order Runge-Kutta method is used, and
we set the stepsize as 0.0001 and the parameters and
initial conditions of two subcircuits as follows:

� = 10; � = 15; a = �1:2; b = �0:75; Bp = 1;
x1 = 1:0; y1 = �0:2; z1 = 0:3;
x2 = 0:7; y2 = 0:4; z2 = 0:08:

Simulation results are shown in Fig. 5. The phenom-
ena in circuit experiments could be also observed in
computer simulations.

4. CONCLUSION

In this study, we have reported very interesting phe-
nomena in a chaotic system coupled by a transmission
line. Chaos synchronization is also achieved in such
system as well as systems coupled with lumped ele-
ments.

Hereafter we intend to analyze the systems qualita-
tively. The systems may have more exciting phenom-
ena according to the characteristic impedance and time
delay.
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Figure 1: The circuit model. vC1-coupled system.
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Figure 2: The equivalent circuit of Fig. 1.

(a) (b)

(c) (d)

Figure 3: Synchronization in vC2-coupled system. vC11 vs. vC12. (a) Delay Line #1, (b) Delay Line #2, (c)
Coaxial Cable #1, (d) Coaxial Cable #2.
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(a) (b)

(c) (d)

Figure 4: Experimentally observed phenomena in vC1-coupled system. vC21 vs. vC22. (a) Delay Line #1, (b) Delay
Line #2, (c) Coaxial Cable #1, (d) Coaxial Cable #2.
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Figure 5: Numerically observed phenomena in vC1-coupled system. (a)  = 10; �̂ = 0:001, (b)  = 1; �̂ = 0:01,
(c)  = 10; �̂ = 0:01, (d)  = 10; �̂ = 0:1.
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